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I. Introduction

T HE first publicly available description of a laser differential
interferometer (LDI) for gas dynamics measurements is pro-

vided by G. Smeets and A. George in a technical report from the
French–German Research Institute of Saint–Louis (ISL) published
in 1971 and translated from German to English by Andreas Goetz
of Purdue University in 1996 [1]. The shock tube laboratory at
ISL, led by Herbert Oertel [2], was a pioneer for many optical
diagnostics, including differential interferometers, which are men-
tioned in reports as early as 1961 [3]. As described by Smeets
and George, the LDI was developed to interrogate low-density
flowfields where interferogram visualizations are not possible.
Compared to previous interferometers, unique components of an

LDI included a continuous-wave (CW) laser (HeNe in this case),
Wollaston prisms, and a photodiode, which offered advantages in
signal-to-noise and spatial/temporal resolution while reducing the
measurement domain to effectively a single “point.” Figure 1 shows
a simplified schematic of an LDI system. For cases where more
spatial information is necessary, Smeets and George modified the
LDI using additional prisms and polarizers to enable multiple (up to
eight) measurement points. Like many other optical techniques, the
LDI is path-integrated and provides no spatial resolution along the
optical axis (z axis in Fig. 1). To mitigate this, Smeets published
another report in the same year (1971) detailing a modified LDI
with “large diameter light bundles,” which are focused to a region
of interest [4]. This modification, now called focused laser differential
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interferometry (FLDI), has the effect of maximizing the instru-
ment’s sensitivity at the focus while reducing it away from the
focus, thereby improving the spatial resolution of the technique in
comparison with the nonfocusing LDI system. Figure 2 shows
a simplified schematic of an FLDI setup. Smeets and George
published several articles on LDI and FLDI in the 1970s [5,6],
including a comprehensive ISL internal report in 1973, which
was also translated by Andreas Goetz in 1996 [7]. This report
discusses fundamental principles, optical arrangements, sensitiv-
ity, spatial resolution, multibeam arrangements, applications in
hypersonic flows, and many more topics concerning LDI and
FLDI. Many of the ideas, experimental arrangements, and appli-
cations published to this day were first suggested by Smeets
and George. Per Smeets [5,6], “G. Smeets was born in Rheydt,
Germany, on May 28, 1935. He received the Physics Diploma and
Doctorate degree from the University of Freiburg, Germany, in
1962 and 1964, respectively. Since 1964 he has been with the staff
of the German-French Research Institute (ISL), Saint-Louis,
France, where he is engaged with gas dynamics and aerodynam-
ics. In resolving the experimental problems in this field, he has
developed a variety of optical techniques.” This review is dedi-
cated to Smeets.
The primary advantages of LDI over other nonintrusive tech-

niques are as follows:
1) Speed: Photodiodes allow high-bandwidth measurement of

fluctuations >10 MHz.
2) Sensitivity: Interferometry techniques are sensitive enough to

detect fluctuation amplitudes <10−4 kg∕m3, enabling measurement
of weak instability waves and freestream turbulence.
3) Spatial Resolution: Resolution below 100 μm is easily

achieved along the axes orthogonal to the optical axis. FLDI has

the added benefit of spatial resolution along the optical axis, which
allows measurements in the core flow of wind tunnels.
These attributes make LDI and FLDI well-suited for probing

harsh, high-velocity flows with short test times, as well as instabil-
ities and small-scale turbulent fluctuations, which are weaker and
higher frequency than the large scales. Such flows and scales are
encountered in hypersonic boundary-layer transition experiments
where freestream disturbances, receptivity to these disturbances,
and growth of instabilities are all important [8–13]. LDI was applied
sparsely from 1980 to 2010 to detect boundary-layer transition
[14,15] and to study blunt-body receptivity [16,17]. In the early
2010s, Parziale et al. [18–21] used FLDI to measure boundary-layer
instabilities in excess of 1 MHz as well as freestream disturbances in
Caltech’s T5 Hypervelocity facility. As an example of FLDI’s
ability to attenuate off-focus signals, Parziale [19] used a CO2 jet
to assess root-mean-squared (RMS) response versus focus; these
data, shown in Fig. 3, indicate that just 15 mm from the sharp focus,
the FLDI setup is relatively insensitive to the broadband response of
the CO2 jet.
The first results from Parziale et al. [18], reproduced here in

Fig. 4a, illustrated that FLDI could be used to measure the second
mode in a facility like T5. At that time, the stability and transition
community was skeptical of this result. Questions included:
Were the extreme frequencies at which the second mode was most
amplified (>1 MHz) being confused with high-frequency RF
noise? Also, what was the transition mechanism for a slender
body in hypervelocity flow generated by an allegedly “noisy”
free-piston, reflected-shock tunnel? The former question was
valid; several AM radio stations broadcasting from Mount Wilson
were unfortunately right at the estimated second-mode frequency.
Care regarding wire placement and signal termination helped
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reduce these concerns. The second question was addressed with
facility noise measurements, shown here in Fig. 4b, where the
peaks between 2 and 3 mm are RF spikes that are registered when
the tunnel is not in operation.

In that paper, Parziale et al. [20] also introduced a correction for
the dependence on wavelength, shown in Fig. 5. In Fig. 5a, the
streamwise direction is from left to right, while the spanwise direc-
tion is into and out of the page. The four sine waves shown are

Fig. 4 a) FLDI results from shot 2702: the processed response (top) and spectral response from the three chosen segments (bottom). Reproduced with
permission from [18], ©2013, AIAA. b) Wavelength spectrum of tunnel noise time traces for a range of T5 run conditions. The lower-amplitude data
(dashed lines) have not been corrected for the sensitivity of the FLDI technique to wavelength, while the higher-amplitude data (solid lines) have been
corrected for the sensitivity of the FLDI technique to wavelength. Reproduced with permission from [20], ©2014, Springer-Verlag GmbH.

Fig. 1 Schematic of a nonfocusing laser differential interferometer (LDI), with pitch side of instrument on the left and catch side on the right.

Fig. 2 Schematic of a focused laser differential interferometer (FLDI), with pitch side of the instrument on the left and catch side on the right.

Fig. 3 a) Schematic of the small CO2 nozzle and laser beam profile, with the arrow denoting the direction of nozzle traversal. The yellow- and blue-
shaded areas denote where the laser is polarized either along the streamwise direction or normal to the page, respectively. The green-shaded region
denotes the area where the two laser beams overlap. b) Results of the bench test, demonstrating the decrease in response of the FLDI with increasing
distance from the tightly focused sensitive region. Reproduced from [19] with permission of the author.
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representative of density disturbances of equal amplitude with
wavelengths of 0.7, 2, 4, and 8 mm, and the two circles represent
the beam polarized in the streamwise and spanwise directions,
denoted by the horizontal and vertical lines through the circles,
respectively. In Fig. 5b, the response coefficient is plotted as a
function of the wavelength, demonstrating the behavior of reduced
response with increasing disturbance wavelength.
More complete analysis of the second mode was reported in

Parziale et al. [21], shown here in Fig. 6. In Fig. 6a, a head-on view
of a cone is shown, where the cone tip is located out of the page
and where the FLDI measurement volume was located within the
boundary layer of the cone. Lines on the plot include the cone
surface (solid thick line), the calculated boundary-layer thickness
for shot 2789 (dashed line), the density eigenfunction for shot

2789 (solid thin lines), and the laser beam profile (gray-filled area),
where the focus of the beam is located at the zero of the abscissa.
The power spectral density estimates for two high-enthalpy air
shot series are plotted in Fig. 6b, showing differences in the
amplitude of the narrowband disturbance near 1.2 MHz, increasing
with increasing unit Reynolds number, and which are consistent
with the instability mode described by Mack [22]. Figure 6c plots
the computed linear-stability diagram and experimental spectra for
a high-enthalpy shot, where the shaded area is the unstable region,
and darker shading indicates larger negative imaginary wavenum-
ber (spatial growth rate). The circular markers represent the maxi-
mum in Δρ∕ρL from the PSD estimates, and the black line
represents the full width at half-maximum of the peak in the power
spectral density.

Fig. 6 a) FLDI measurement volume located within the boundary layer of a cone, with overlay of the cone surface (solid thick line), calculated
boundary-layer thickness for shot 2789 (dashed line), density eigenfunction for shot 2789 (solid thin lines), and laser beam profile (gray filled area).
b) Power spectral density estimates for the high-enthalpy air shot series. c) Computed linear-stability diagrams and experimental spectra for a high-

enthalpy shot. Reproduced with permission from [21], ©2015, Cambridge University Press.

Fig. 5 a) Four sine waves representative of density disturbances of equal amplitude with wavelengths 0.7, 2, 4, and 8 mm, with two circles representing
the beam polarized in the streamwise and spanwise directions, denoted by the horizontal and vertical lines through the circles, respectively. b) Plot of the

response coefficient as a function of wavelength. The error bars here represent the error due to the beam spacing. Reproduced with permission from
[20], ©2014, Springer-Verlag GmbH.
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These successful experiments exploited all of FLDI’s advantages
and set an example for the hypersonics research community. In the
years to follow, a renewed interest in hypersonics research caused
the use of FLDI to skyrocket. From 2014 to the present, labs across
the globe have employed FLDI, with over a hundred publications
employing or exploring the technique. The aim of this paper is to
review these recent developments. A general introduction to the
FLDI instrument is provided in Sec. II, including guidelines and
practical considerations when assembling a system, a brief overview
of its use with cylindrical lenses, and a summary of the beam-
splitting options. Methods for analyzing and interpreting the data
acquired with the FLDI system are described in Sec. III. The
conversion of a conventional single-point FLDI system to a multi-
point system is described in Sec. IV, and applications of FLDI for a
variety of fluid flows are given in Sec. V. The use of computational
simulations to simulate the FLDI system and its response to fluid
flows is discussed in Sec. VI, and recent specialized applications
and configurations of the FLDI system are outlined in Sec. VII.
Finally, a brief overview of the perspective for future development
and application of the FLDI system is provided in Sec. VIII.

II. Design and Setup of a Focused Laser Differential
Interferometer

While many versions of the FLDI instrument exist, this section
describes the design and setup of a basic system (Sec. II.A) and the
practical considerations to be aware of during the alignment process
(Sec. II.B). The inclusion of cylindrical lenses in the FLDI system is
discussed in Sec. II.C, allowing for near-surface measurements of
wide, flat geometries. Finally, the various polarizing prism options
currently in use are outlined in Sec. II.D.

A. Basic FLDI Design and Setup

The aim of this subsection is to describe the design and setup of
the most common, basic form of the FLDI instrument. A detailed
discussion of an FLDI system design and setup is provided by Neet
et al. [23], which can be consulted for information. Being a simpler
setup and the instrument upon which the FLDI is based, a descrip-
tion of the LDI system is first outlined, using the schematic of Fig. 1,
with what is typically termed the pitch side of the system on the left
and the catch side of the system on the right. The collimated light
from the laser is first focused by a plano-convex lens. Without the
Wollaston prism present in the system, the beam continues to
expand past its focal point, and if the focal point of the beam
expander lens is placed at the focal point of the field lens, the beam
remains collimated as it travels along the optical axis (z axis) of the
system. AWollaston prism is placed at the focal point of the pitch-
side beam expander lens and field lens, such that the incident beam
is split into two orthogonal linearly polarized beams, traveling away
from each other at a fixed divergence angle. The amount of laser
power split to each beam depends on the incoming polarization state
of the beam at the Wollaston prism. If using linearly polarized light
(such as that typically emitted from a laser), the polarization should
be oriented at 45 deg relative to the splitting axis of the beams from
the Wollaston for equal power splitting. This is shown in the
schematic of Fig. 1 by the diagonal line at the exit of the laser,

indicating 45 deg linear polarization, which is then split equally into
horizontal and vertical polarization beams (line and dot). If the
output from the laser is not correctly oriented relative to the Wol-
laston prism, a half-wave plate can rotate the linear polarization state
to any desired angle, or a linear polarizer can be used. If a quarter-
wave plate is used instead, the beam can be made to be circularly
polarized, and the splitting at the Wollaston will result in equal-
power beams. Because the Wollaston prism is also placed at the
focal point of the field lens, the two beams travel parallel to one
another until reaching the catch-side field lens, which then focuses
both beams down to the focal point of the lens, where a matching
Wollaston prism is placed, making the beams collinear with each
other once again. A second lens on the catch side collimates the
collinear beams, and a linear polarizer is used to make the beams
interfere before the light is incident on a photodiode. Density
fluctuations that cause an optical path length difference between
the split beams result in changes in the intensity measured by the
photodiode.
The method of converting an LDI system to an FLDI system is

simple, requiring only a shift of the optics relative to one another
along the optical axis (z axis in the schematics). The schematics of
Figs. 2 and 7 show simple FLDI systems, with the only difference
being the choice of beam-expanding lens being used; Fig. 2 uses a
plano-convex lens to first focus and then expand the beam, while
Fig. 7 uses a plano-concave lens to only expand the beam without
first focusing it. The focal point of the beam expander lens has now
been shifted farther away from the field lens compared to its position
in the LDI system. Now, instead of the beams being collimated after
passing through the field lens, they focus down to a point between
the field lenses, at a distance that can be roughly computed using the
thin-lens equation. The position of the Wollaston prism remains the
same as in the LDI system, located at the focal point of the field lens,
such that the two orthogonally polarized beams travel between the
field lenses parallel to one another, even while focusing and expand-
ing. Because the two orthogonally polarized beams have a finite
angular deviation as they exit the Wollaston prism, they have a finite
separation as they traverse the path between the field lenses, Δx, a
key aspect of the FLDI system. The beam separation is related to the
prism splitting angle and the field lens focal length fFL by

Δx � 2fFL tan
ϵ

2
≈ fFLϵ (1)

The splitting angle ϵ is typically very small (<10 arcmin in most
applications); thus, the small-angle approximation is appropriate.
For the catch side, the optics are effectively mirrored, with a
matching plano-convex field lens collecting the beams and focusing
them through the catch-side Wollaston prism. It is important to note
that identical field lenses and Wollaston prisms should be used on
the receiving side, which are necessary to ensure the beams opti-
mally recombine (i.e., are made exactly collinear). Following the
second Wollaston prism, a polarizer is used to make the collinear
beams interfere and produce a fringe pattern. A lens is also often
used to focus the light to the appropriate size on a photodetector. An
alternative setup using a polarizing beamsplitter and two photo-
detectors has also been used [24–29]. Although this setup has

Fig. 7 The optical layout and ray trace of a basic FLDI system, including the following components: 1) laser, 2) plano-concave lens for beam expansion,
3) polarizer or half-wave plate, 4) Wollaston prism, 5) plano-convex field lenses, 6) secondary plano-concave lens, and 7) photodetector.
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advantages in noise rejection and signal interpretation, it is more
seldom used.
It is advised that ray-tracing calculations be performed to quickly

examine how optic choices and positioning affect the light path
(e.g., see simple MATLAB™ code in [30]). For wind tunnels, the
system needs to be designed such that the test section fits between
the two field lenses. If using a setup similar to that in Fig. 7 with a
beam expander lens of focal length fBE and field lenses of focal
length fFL, the spacing between the two field lenses, S, can be
analytically computed as

S � 2
1

fFL
−

1

d − fBE

−1
(2)

The distance d is the spacing between the expansion lens and the
first field lens. While there is a large degree of flexibility for spacing
lenses, consideration must also be given to the size of the expanded
beam when it reaches the first field lens since the local beam
diameter should not exceed the clear aperture of the lens when
mounted. Again, assuming a setup like that described in Fig. 7,
for a given input beam diameterDBE into the expansion lens of focal
length fBE, the beam diameter DFL at the subsequent field lens will
be

DFL � DBE

d − fBE
jfBEj

(3)

It is also important to note that the position of the catch-side
Wollaston prism is set to provide an infinite fringe condition, which
is shown in Fig. 8. The infinite fringe condition provides the optimal
response and minimizes phase-wrapping effects from nearby
fringes. The phase of the FLDI system should also be set such that
measurements are in the linear region, which corresponds to half-
way between complete constructive interference and complete
destructive interference (see Fig. 11 in Sec. III.A).

B. Practical Setup and Design Considerations

There is great variability in the setup of an FLDI instrument from
one research group to the next. Different optics can be used to
accomplish the same task, and setup-specific space limitations
dictate the use of certain optics over others. However, all systems
must be assembled to be rigid, since the interferometric signal
measured at the photodiodes will be affected by any vibrations of
the optics and of the pitch and catch boards relative to one another. If
constructing the FLDI system in a laboratory that is to be transferred
to a wind tunnel facility, for example, the optics for the pitch and
catch portions must be fixed relative to each other. One option is to
use robust optical rails, while another is to use optical cage system
hardware. Final alignment of the system at the wind tunnel must
always be performed to ensure that its operation matches that of the
initial setup in the laboratory. Vibration isolation/suppression when
installed at the wind tunnel facility will help maintain alignment of
the system throughout long testing campaigns.

1. Initial Beam Centering on the Optical Axis

A critical aspect of the system setup is to ensure that the laser
beam travels along a straight path, centered in the optics. Even a

small offset/angling of the beam will result in substantial offsets/
angles of the beam later in the system. The first step in setting up the
system should thus be to align the laser beam along the system’s
optical axis. One method to ensure alignment is to use two irises set
to the exact same height (e.g., by adjusting their height at a common
location, usually the laser exit) and to adjust the height/angle of the
laser such that it passes through both irises along the optical axis.
Another method is to use two 90 deg turning mirrors to fold the laser
beam path 180 deg from its initial orientation. This allows a “beam-
walk” to be performed using both mirrors in an iterative sequence,
ensuring that the beam is exactly aligned with the optical axis. This
method works best when using cage optics for the construction since
drop-in alignment targets can be placed anywhere along the beam
path cage rods and act as preset iris apertures. This alignment can be
performed to ensure that the pitch and catch sides of the system are
in alignment with each other, both in translation and rotation (with
all optics removed but irises or alignment targets in place). Once this
initial alignment of the laser along the optical axis has taken place,
other optics can be added.

2. Initial Lens Placement

The beam expander lens and field lenses can now be added to the
system. Their initial placement can be estimated using the thin-lens
equation, although note that some adjustment will be required from
these positions as other optics are added (and because the lenses are
not infinitesimally thin). The focal point of the beam expander lens
is placed at a distance away from the field lens such that the required
distance from the field lens to the test section focus point is
obtained. After adding the field lens, this distance can be easily
verified with a tape measure. If the beams will pass through a
window prior to focus (e.g., a wind tunnel window), it is helpful
to have the window in place since its inclusion will alter the focus
point of the beam. This is not always feasible since wind tunnels
may not have spare windows; final alignment can always be per-
formed after installation of the system in the wind tunnel, and
having the beam expander lens on a micrometer adjustment trans-
lation stage is particularly helpful to make the small adjustments that
will be necessary. The position of the catch-side assembly can now
be placed relative to the beam focus, and the position at which the
beam focuses after passing through the catch-side field lens should
match the distance from the pitch side of the system (and can be
verified with a tape measure). The second lens on the catch side of
the system can be included now to ensure the correct size of the
beam on the photodiode. During the alignment, care should be taken
to make sure none of the optics are twisted, as this can lead to non-
Gaussian beams at the focus.

3. Use of Translation and Rotation Stages

In addition to the translation stage for the beam expander lens
along the optical axis, it is helpful to have this lens mounted in a
two-axis translation mount to allow for lens centering on the optical
axis. As mentioned earlier, small shifts in the optics relative to the
laser on the optical axis can have large implications later in the
system, and having precise control over the beam expander position
along three axes is helpful. If using the Wollaston prism for phase
adjustment (discussed further below), this too should be mounted on
a stage that can translate orthogonal to the optical axis, along the

Fig. 8 Images of the fringe pattern produced as the recombination Wollaston prism is moved along the optical axis. Note that the phase of the fringe
will determine whether the infinite fringe appears totally dark, totally bright, or somewhere in between.

6 Article in Advance / BENITEZ ET AL.

D
ow

nl
oa

de
d 

by
 7

5.
10

4.
11

1.
23

5 
on

 A
ug

us
t 2

8,
 2

02
6 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
06

54
47

 



same direction as the splitting axis of the beams. If the orientation of
the Wollaston beams is to be rotated to be sensitive to different
directions in the flow, both Wollaston prisms should be placed in
rotation mounts. Any wave plates and/or linear polarizers should
also be placed in rotation mounts such that precise angles of these
optics can be set. For example, the rotation of the pitch-side half-
wave plate or linear polarizer needs to be precisely set to ensure
equal splitting of power at the Wollaston prism. If the beams have
different power levels, it will be difficult to achieve maximum
destructive interference at the catch-side linear polarizer. The
catch-side linear polarizer also requires fine rotation adjustment in
order to place the voltage level at the position of the middle of the
infinite interference fringe. Spherical lenses do not need to be placed
in rotation stages, but if cylindrical lenses are being used (see
Secs. II.C and IV.B), these should be placed in rotation mounts to
enable adjustments of the beam and to ensure that the beams do not
change shape through the test section.

4. Infinite Fringe Polarization Adjustment

When nearly finished aligning the FLDI system, it may be
noticed that the rotation of the final linear polarizer does not bring
the voltage measured by the photodiode down to near-zero values.
This can also be seen by removing the photodiode and allowing the
beam to continue expanding to a sheet of paper, where rotation of
the linear polarizer increases and decreases the intensity seen, but
never reaches a true minimum. It can be helpful to shift the catch-
side Wollaston prism along the optical axis in either direction to a
finite-fringe condition to see this effect. This indicates that the
polarization of the light just upstream of the linear polarizer is not
linearly polarized. It may be anticipated that in an ideal FLDI
system, the beams split at the first Wollaston prism originate from
the same beam and are thus in phase with each other, although
orthogonally polarized relative to each other. At the second Wollas-
ton prism, they are made to be collinear, are still in phase, and when
made to interfere with each other, will have a linear polarization just
as they had prior to the first Wollaston splitting. In practice, two
main things affect the phase between the two orthogonally polarized
beams, which induces ellipticity in the recombined and interfered
beams. The first is the slightly different path of the beams through
the other optics between the Wollaston prisms. The second, and
more influential contribution, is the phase difference between the
beams traveling through the Wollaston prism. After the splitting of
the beams at the structure interface in the prism, the beam is split
into an ordinary ray (o-ray) and an extraordinary ray (e-ray). These
rays have different indices of refraction and thus different speeds in
the second half of the prism, which leads to a phase difference
between the two beams at its exit. The same phenomenon happens at
the second Wollaston prism before the beams are made collinear at
the structure interface in the prism.
With the source of the phase differences identified, multiple

methods of adjusting the relative phase of the beams to bring them
back to either 0 rad or π rad phase difference can be discussed. The
first method is to adjust the Wollaston prism in a direction orthogo-
nal to the optical axis of the system and parallel to the splitting
plane. By adjusting the prism, the relative phase difference between
the o-ray and the e-ray is changed, and by using a polarimeter (or by
iteratively rotating a linear polarizer while adjusting the Wollaston
prism), the Wollaston prism position for optimal phase delay can be
found. This is the method used by Smeets, based on the statement in
Sec. 1b of Ref. [7], where he mentions that the “ : : : optical path
difference : : : consists of a constant value (given by the Wollaston
prism positions).” This method requires no additional optics but is
extremely sensitive to small movements of the prism. For example,
if the prism is mounted in a typical optical post mounting system,
the action of tightening the set screw after adjustment can shift the
phase through one, if not many, full rotations. If using this method, it
is suggested to use a precise linear translation stage to adjust the
position and thus phase delay of the two beams. This is likely the
most common method of phase adjustment seen in the literature,
and while most papers do not explicitly mention that this is how the
phase is being adjusted, there are some that do [31–39]. Note also

that if a Sanderson prism is used for the splitting prism, this also
needs to be shifted for phase adjustment [40]. The second method of
phase shifting is to use a Berek compensator, which is a variable
retarder that can adjust the relative phase of the two beams by
rotating the compensator with high precision [24–28,41,42]. A
similar optic that can accomplish this task is a Soleil–Babinet
compensator [43]. The last option for adjusting the phase of the
two beams is to use a quarter-wave plate [28,44–54]. By rotating the
quarter-wave plate, the relative phase of the two beams can be
shifted and brought back to an equivalent linear polarization. The
rotation provides precise control over the phase shift, and while the
cost is less than that of the Berek compensator, it still requires an
additional optic in comparison to the Wollaston shifting method.

5. Analyzer for Beam Interference

Just before the signal is incident on a photodiode (or camera,
etc.), the polarization of the collinear orthogonal beams must be
made to interfere with each other (see Fresnel–Arago Laws). This is
accomplished using an “analyzer,” which in practice is typically a
linear polarizer, a polarizing beamsplitter [24–29], or a polarizing
prism [46,49]. The majority of systems use a linear polarizer as the
analyzer, and so these references are not included here. The benefit
of using a polarizing beamsplitter or another polarizing prism is that
complementary interference signals can be acquired on two detec-
tors (or a balanced detector) to reduce the influence of laser noise,
for example. Care must be taken to achieve the correct phase delay
of the two beams before these optics. Retarders (such as half-wave
plates and quarter-wave plates) cannot be used to make the beams
interfere, since they only adjust the phase of the beams relative to
each other depending on their orientation. The relative beam phase
adjustments ensure that when the analyzer is rotated, the interfer-
ence can be placed at the middle of the infinite fringe, maximizing
sensitivity and maintaining linearity of the signal in response to a
phase offset due to the flow disturbances.

6. Data Acquisition System

The photodiodes used in the system should be sufficiently sensi-
tive at the laser’s wavelength, typically measured as the responsivity
in units of A∕W. Silicon photodiodes are generally used since they
are highly sensitive in the visible wavelength range, have high
bandwidths, do not require cooling (like some infrared detectors),
and are inexpensive (even for amplified detectors). Connecting the
photodiodes to the oscilloscope for digitization is typically done
using BNC or SMA cables, with the resistance of the cable matching
that of the oscilloscope to avoid ringing. Using shielded cables can
mitigate interference from electrical noise during testing. To maxi-
mize the bandwidth of the photodiode, the termination load resis-
tance should be as low as possible while still providing sufficient
signal-to-noise. A termination of 50Ω is typically the minimum and
can be used without issues given the laser power is sufficient. If
higher termination values are required to increase the signal, and the
oscilloscope only has 50Ω or “High-Z” termination, then a variable-
resistance feed-through terminator can be used to adjust to an
intermediate value. DC coupling is typically used for digitization,
since it does not attenuate the low-frequency signal. However, it also
shifts the signal up to a DC level that is dictated by the voltage at the
middle of the infinite fringe, meaning the smaller AC level of the
fluctuations will have lower vertical resolution on the oscilloscope
(measured in V per division). Sometimes, both AC- and DC-
coupled signals are acquired on separate channels so that the low-
frequency DC component can be measured on the DC-coupled
channel, while the higher-frequency AC signal can be measured
on the AC-coupled channel with high vertical resolution. However,
two acquisition channels are needed instead of one, which is simple
for a few measurement points but becomes prohibitive with many
measurement points. The record length of the acquisition depends
on a number of factors, including the facility where the measure-
ments are taking place (laboratory, wind tunnel, etc.), the type of
wind tunnel facility (impulse, blow-down, etc.), the duration of the
flow of interest, the number of acquisition channels, the sampling
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rate, the amount of data storage, the desired frequency resolution,
noise reduction, and more. Ideal settings for the experiment are
typically identified on a case-by-case basis. A further description of
the FLDI data analysis procedure after digitization in the oscillo-
scope is given in Sec. III.

C. FLDI with Cylindrical Lenses

Typical FLDI systems use spherical lenses for all of the focusing
optics. However, as noted by Smeets in Sec. 3b of Ref. [7], by using
cylindrical lenses instead of spherical lenses, the beam can be
focused in only one direction and not the other, resulting in averag-
ing in one coordinate direction while retaining the tight beam-
focusing nature of the FLDI system in the other. While not suitable
for every application due to the reduced focusing in one of the
directions, the cylindrical-focusing FLDI system is ideally suited for
measurement over wide, flat geometries, where the spherical-
focusing beams would otherwise be clipped by the surface, as
shown in Fig. 9. For a spherical lens setup, the upper portion of
the beam, which is not clipped on one side, will be clipped on the
other side due to inversion of the light across the focal point. The
cylindrical FLDI allows the measurement points to be located
directly adjacent to the model surface, whereas the spherical system
points would need to be located at some finite distance above the
surface.
Houpt and Leonov used the cylindrical FLDI system to make

measurements in a supersonic flat-plate boundary layer of the
University of Notre Dame SBR-50 wind tunnel wall; the use of
cylindrical lenses was required to avoid clipping of the beam across

the entire width of the test section [55–57]. This system collected the
light from the elliptic laser line onto a single photodiode, and so the
resulting measurement was averaged over the entire line. In order to
make multipoint measurements along a line in the boundary layer of
a flat plate, Weisberger et al. used an FLDI system with cylindrical
optics and a linear array photodiode [47,50]. This increased the
spatial resolution of the system in the ellipse major-axis direction,
discretizing the linear measurement region into 16 separate meas-
urement channels. This system was also operated as a two-line
system such that convective velocities and disturbance evolution
could be measured (discussed further in Sec. IV.B). A modified
cylindrical/spherical FLDI system was used by Hopkins et al. to
make measurements on a flat plate, but because it was not required
to make a measurement directly adjacent to the surface, the elliptical
beam was focused to a single tight spot at the beam focus, slightly
off the surface [34,38]. However, due to the combination of the
cylindrical and spherical lenses, this beam spot was closer to the
surface than an equivalent spherical FLDI system would be and was
able to achieve a tighter focus in both directions than the typical
cylindrical lens FLDI system. Note, however, that a typical cylin-
drical lens FLDI system still uses spherical field lenses, and it is the
expanding lenses that are cylindrical. Cylindrical lenses were used
in combination with a diffractive optical element FLDI system
(discussed further in Sec. IV.C) to make a simultaneous multiline
measurement across the width of a flat plate model, with the signal
from each line captured on its own photodiode through the use of a
fiber-optic collection unit (discussed further in Sec. IV.G) [58] and
also using a high-speed camera [59,60].
The design of a cylindrical-lens FLDI system will typically

depend on the method of acquisition of the data, that is, whether
the system will be operated as a single-point measurement or as a
multipoint measurement. For single-point measurements, the
method of acquisition is shown in case A of Fig. 10, where the
entire beam ellipse is incident on the single photodiode element. As
mentioned previously, this method averages the signal over the
entire beam, a significant increase over the spherical FLDI system
at the beam focus. For example, the waist diameter of a spherical
FLDI system at the beam focus can be on the order of a few microns.
For the cylindrical FLDI system, the beam waist in the minor axis of
the ellipse remains on the order of a few microns, but the major axis
may be on the order of a few millimeters. This can make the
cylindrical FLDI system less sensitive to smaller-scale fluctuations
than its spherical FLDI counterpart. One method of decreasing the
major-axis probing region is to magnify the beam on the detector,
such that the region of the beam measured by the detector is smaller
than the entire beam major axis, as shown in case B of Fig. 10.
However, if only a single measurement point is desired, it is
preferred to keep the major axis of the ellipse as small as possible
across the test section.
When making a multipoint measurement using a cylindrical-lens

FLDI system, the choice of line size/length is different than for a
single-point measurement. In this case, a linear-array photodiode is
typically used, where the beam is placed on the photodiode such that
the major axis of the beam is measured byN photodiode elements in
the linear-array photodiode. Here, the spatial resolution of the

Fig. 10 A cylindrical lens FLDI setup with all light focused on detector, case A, will have contributions from the entire beam, resulting in spatial
averaging along the major axis of the beam at the focal plane. If only a portion of the beam is used, case B, the spatial averaging is limited.

Fig. 9 Spherically focused FLDI beams are clipped on the edge of flat-
plate-style geometries, which prevents near-wall measurements. How-
ever, an FLDI setup that utilizes cylindrical lenses to focus only in one
direction can probe closer to the surface in such scenarios.
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measurement along the major axis of the beam is dictated by the
length of the major axis at the beam focus, the magnification of the
line on the linear-array photodiode, and the size of each individual
photodiode element in the array. The length of the major axis of the
beam at the beam focus is typically adjusted using a pair of
cylindrical lenses, one with a negative focal length and one with a
positive focal length. There is then a balance required between
probing a larger region of the flowfield (length of the beam major
axis) while also probing smaller regions of the flow for each photo-
diode element of the array to maintain small-scale fluctuation
sensitivity (magnification of the beam, number and size of elements
in the photodiode array). Because the laser power is spread over
multiple channels, the intensity of light measured by each element in
the array will be lower than that measured by a single photodiode,
and so this method generally requires a higher-power laser to
achieve a sufficient signal-to-noise ratio. Also note that because
the beam ellipse retains a Gaussian profile along the major axis, the
intensity will be higher at the center than at the edges, although this
can be adjusted by using apodizing filters if it is necessary to achieve
uniform illumination over all the channels. The final consideration
for a multipoint measurement is that a spatial calibration is required
to map the size/position of the linear-array photodiode to the physi-
cal measurement location. This is generally accomplished using a
precise knife-edge traversal through the beam focus while measur-
ing the signal on the linear array, but other options exist, such as the
method outlined in Camillo et al. [40].

D. Polarizing Prisms

The majority of papers describing FLDI systems use Wollaston
prisms as the birefringent polarizing prism to split the laser beam
into orthogonally polarized beams, dating back to its first imple-
mentation in Smeets’ original papers. This prism is ideally suited for
the task, as it takes an incoming beam orthogonal to the entrance
face of the prism (along the optical axis of the system) and splits the
beam into two orthogonally polarized beams, each diverging from
the optical axis at half the total divergence angle of the prism. This
divergence angle is a function of the laser wavelength, the material
of the Wollaston prism, and the angle of the interface between the
two prism halves of different optic axis orientations. A commonly
used splitting angle for the Wollaston prism is 2 arcmin, beginning
with the paper by Parziale et al. [18]. This splitting angle provides a
good balance between minimizing the spatial separation of the two
focused beams while also providing enough separation to achieve
high sensitivity to the fluctuations. While 2 arcmin seems to be the
most ubiquitous splitting angle, other splitting angles have also been
used, such as 0.5 arcmin [61], 1 arcmin [36,62–64], 1.5 arcmin
[58–60,65–71], 4 arcmin [41,42,72–78], 5 arcmin [33,79–87],
8 arcmin [35,88,89], and 10 arcmin [53,54].
A downside of the Wollaston prism is that the splitting angle is

fixed, and so if another angle is required, two more matching
Wollaston prisms must be purchased, which can be expensive
because most prisms are 2 in. (50.8 mm) square optics. An adjust-
able beam-splitting optic was demonstrated by Sanderson in
Ref. [90], whereby applying different levels of pressure to a four-
point loading mechanism on a transparent piece of acrylic allowed
for adjustment of the beam-splitting angle. These prisms, typically
called Sanderson prisms, work by the photoelastic, or piezooptic,
effect, which occurs in transparent polymers. This prism is an
attractive option for setups that require adjustment of the beam-
splitting angle to change the beam separation distance at the beam
focus, and many subsequent systems have used them for this
purpose. As with every option, this prism has some associated
downsides. A high-precision adjustable loading mechanism is
required to finely adjust the splitting angle, and two of these must
be made, one for the pitch side and one for the catch side. The
loading required to stress the acrylic for the larger clear apertures
required for larger beam diameters (better off-focus rejection of
signal) can be excessive, and the uniform splitting of the entire
beam diameter at the prism may not be guaranteed. Finally, calibra-
tion is required to associate an applied force from the loading

mechanism with a splitting angle, and this must be performed for
both prisms such that they can be set to exactly the same value
necessary for the collinearity of the recombined beams on the catch
side. While not as common as the Wollaston prism, the Sanderson
prism continues to be used as an adjustable beam-splitting optic in
FLDI systems, especially considering its relatively low cost
[24,25,27,40,55–57,75,91–93].
While both the Wollaston and Sanderson prisms take as input a

single input beam of appropriate polarization and split this beam
into two orthogonally polarized beams with certain angular
deviation, another option exists for the splitting of the beams in
an FLDI system. Marsh et al. use a combination of a polarizing
beamsplitter, two mirrors, and a nonpolarizing beamsplitter in a
Mach–Zehnder configuration [94]. While this method is more com-
plicated and time-consuming to set up initially, it can provide fine
control of the beam-splitting angle and beam phase. It also only
requires optics that are able to be purchased off the shelf. Further
details of this setup can be found in Sec. IV.D.

III. FLDI Theory and System Analysis

This section discusses the basic theory of FLDI operation, that is,
that laser beams of variable diameter interrogate the medium of
interest (typically gas) in a differential manner. Index-of-refraction
gradients along the beam separation axis (e.g., x axis in Fig. 2
∂n∕∂x) create an optical path difference and thus a phase difference
(Δϕ) between the beams. The orthogonally polarized beams are
made to interfere at a polarizer and then measured by a photodiode
(PD), where the changing phase differences between the two beams
cause fluctuations in the intensity of the light. The incident light on
the PD generates an electrical current and is finally converted to
voltage, V, and then digitized by an oscilloscope. On the relation-
ship between FLDI signals and flow properties, Smeets [6] wrote,
“From the [voltage] signals received, primarily qualitative informa-
tion could be achieved, e.g., on the frequency spectra of the turbu-
lent fluctuations near the focal point. The deduction of quantitative
data on the level of local density fluctuations is only possible by
means of assumptions and approximations. The accuracy of the
results is, therefore, only moderate (for further details, see [95]).”
Smeets’ self-reference, [95], has not yet been publicly translated to
English. Despite Smeets’ warning, considerable effort has been
made in roughly the past decade toward improving our understand-
ing and interpretation of the FLDI signal. This section summarizes
these efforts, with further details included in Sec. VI.

A. Relation Between Voltage and Phase Difference

The relation between voltage and phase difference was first
described by Smeets and George [7] (Sec. 1.b) and is discussed
by many others [18,24,96,97]. The intensity of light (IPD) incident
on the photodiode is a function of the phase difference as follows:

IPD � 2Ib�1� cos�Δϕ�� (4)

where Ib is the intensity of a single beam. In practice, perfect
interference contrast is unlikely, resulting in a constant intensity,
Imin, superimposed on the phase-dependent intensity. It is also
helpful to introduce a constant phase shift, Δϕ0, which accounts
for phase delays caused by optical components such as the prisms or
phase compensators. Equation (4) is now rewritten as

IPD � 2Ib�1� cos�Δϕ� Δϕ0�� � Imin (5)

In order to maximize sensitivity and avoid phase ambiguity, it is best
practice to adjust Δϕ0 (e.g., by translating one Wollaston prism
along the beam separation axis or using a retarder) such that the
signal is placed at the linear portion of the interference fringe. The
cosine term can then be changed to a sine term and Eq. (5) rewritten
as

IPD � 1

2
�Imax � Imin � �Imax − Imin� sin�Δϕ�� (6)
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where Imax � 4Ib � Imin. The light is converted to current by the
PD and then voltage by the PD’s circuit such that the measured
voltage can be expressed as

V � 1

2
�Vmax � Vmin � �Vmax − Vmin� sin�Δϕ�� �HPD (7)

where HPD is a transfer function that accounts for signal attenuation
caused by the response time of the PD. HPD is affected by PD size,
amplifier gain, terminating resistance, and more. Beam size and
incident power on the photodiode have also been shown to have a
significant impact on the PD’s spectral response [44]. Increasing any
of these parameters will decrease the cutoff frequency at which HPD

rolls off from unity, reducing the bandwidth of the measurement.
This represents a tradeoff, because large PDs aid alignment and
robustness to vibrations, and increasing gain and terminating resis-
tance can improve signal to noise. These effects, which were inves-
tigated by Fulghum [24] but have received little attention since, are a
good subject for future investigations, especially when bandwidths
>1 MHz are desired.
Equation (7) is plotted in Fig. 11 (ignoring the effects of HPD),

which illustrates the voltage at the middle of a fringe, V0 �
�Vmax � Vmin�∕2. This sinusoidal relationship should be well char-
acterized prior to each run by translating the final Wollaston prism
(particularly the prism that “recombines” the orthogonally polarized
beam pairs) along the beam separation axis (not the optical axis) or
by rotation of a retarder and taking several voltage measurements. A
high-quality interferometer will produce a large ratio of maximum
to minimum voltages, say, Vmax∕Vmin > 20. If this is achieved, the
voltage-phase relationship can be approximated as

V � V0 � V0 sin�Δϕ� �HPD (8)

Because the voltage is typically converted to phase difference in the
analysis, Eq. (8) can be rearranged:

Δϕ �
sin−1 V

V0
− 1

HPD

(9)

Finally, if the PD’s response is measured or assumed to be unity over
the bandwidth of interest and if the fluctuations of interest are small
enough, say, RMS�V� < V0∕4, then Eq. (9) can be approximated as

Δϕ ≈
V

V0

− 1 (10)

B. Relation Between Phase Difference and Refractive Index

The most widely used fundamental equation relating phase
difference to refractive index is described below: For two beams
traversing paths s1 and s2, respectively, the phase difference at the
detector face (s � D) associated with the refractive index field n�x�
is given by

Δϕ�t� � 2π

λ0 D
I0

D

S
n�x1; t� ds1 −

D

S
n�x2; t�ds2 dξ dη

(11)

where λ0 is the laser wavelength, S is the location of the light source,
xi�si� � �xi; yi; zi�, and I0�ξ; η� is the intensity on the detector face
when there is no phase difference between the two beams. Note that
ξ and η are coordinates that map the detector surface. Equation (11)
describes a general interferometer via ray tracing and is taken from
Schmidt and Shepherd [96] (in a form published by Lawson [97]),
who derived it from Sec. 7.2 of Born and Wolf [98]. Alternative
approaches to modeling this relationship are presented by Smeets
[95], Fulghum [24], and Hameed and Parziale [99], though all
approaches use an equation with similar form to Eq. (11). A
common simplification includes modeling the beam intensity dis-
tribution with a Gaussian function and polar coordinates such that

I0�r; θ� �
2

πw2
exp −

2r2

w2
(12)

where w is the Gaussian beam radius parameter [100]. A second
common simplification is that the paths of complementary, parallel
rays in the interferometer can be parameterized by the z axis and
written as

x1�z� � x� Δx1
2

; y; z (13)

x2�z� � x −
Δx1
2

; y; z (14)

Thus, the path integrals can be rewritten as integrals along the z axis.
Equation (11) can be solved for the exact phase change provided

a complete, well-resolved solution for n�x; t� is available; this is the
subject of computational FLDI, discussed in Sec. VI. However,
there is no way to solve Eq. (11) in the other direction, that is, for
n�x; t� from Δϕ�t�. This is because infinitely many refractive index
fields can result in the same measured phase difference (nonunique-
ness). Thus, mathematical models using simplifying assumptions of
the flowfield are used to invert Eq. (11). A comprehensive two-part
review of this process was recently published by Lawson and Austin
[101,102], and readers are encouraged to refer to these and other
works by Lawson for a more comprehensive review of FLDI theory.
Typically, an equation of the following form is desired:

Δϕ�t� � n�t� �H (15)

where n�t� is the “local” refractive index at the instrument’s focus,
and H is a transfer function with units of radians that describes the
ways in which the refractive index field is processed and modulated
by the instrument to produce the measured signal. If the fluid is
homogeneous, refractive index can be easily converted to density
using the Gladstone–Dale relation [103]. H is derived from both the
instrument model [Eqs. (11–14)] and the flowfield model. The most
common flowfield model contains a superposition of sinusoidal
waves [102], which has been used to approximate acoustic waves
[104,105], instability waves [96], and turbulent flows [24,75,99,
106,107]. Modeling of shock waves and blast waves has also been
demonstrated [48,93,108]. Most of the references above contain
derivations of transfer functions, where each function differs based
on FLDI application, flow model, and chosen physical quantity of
interest. However, two terms are common in nearly all works: the
transfer function due to beam separation,

HΔx � sin
kxΔx
2

(16)

and that due to beam radius,

Fig. 11 Relationship between voltage and phase difference for a simple
LDI or FLDI instrument.
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Hw � exp −
k2xw

2

8
(17)

where kx is the wavenumber component aligned with the x axis and
w is the local beam radius parameter. For Gaussian beams, the
radius varies along the optical (z) axis according to

w�z�2 � w2
0 1� λ0z

πw2
0

2

(18)

where w0 is the beam radius at the focus (z � 0) [100]. A smaller
value of w0, which is proportional to the f-number of the system,
means that the radial divergence angle of the beams,

θd � λ0
πw0

(19)

is larger and the depth of focus is shorter. The divergence angle is
easier to measure than w0 (e.g., see Sec. 3.5 of [75]), and it is more
directly related to the spatial filtering along the optical axis [109].
Combining Eqs. (16–19) yields the following expression:

Hz � sin
kxΔx
2

exp −
θ2dk

2
xz

2

8
exp −

k2xw
2
0

8
(20)

The FLDI signal is proportional to the integral of refractive index
fluctuations, n 0, multiplied by Hz such that

Δϕ ∝ n 0�z�Hz dz (21)

Typically, the beam radius at the focus is significantly smaller
than the scales of interest (i.e., w0kx ≪ 1), and the final term in
Eq. (20) can be ignored. Thus, the FLDI’s sensitivity is essentially
described by two parameters:
1) Δx: the beam’s separation
2) θd: the beam’s divergence angle
The effects of these parameters on the measured signal are

reviewed by Smeets and George [7], Fulghum [24], Ceruzzi and
Cadou [75], Schmidt and Shepherd [96], Lawson [97], Benitez et al.
[109], and others referenced in this section. Key conclusions are
summarized below:
1) The FLDI sensitivity is maximized for disturbances at the

focus and with a wavelength of twice the beam separation (a wave-
number of kx � π∕Δx). Sensitivity uniformly falls off for disturb-
ances both smaller and larger than kx � π∕Δx, similar to a bandpass
filtering effect. This explains the LDI∕FLDI systems’ insensitivity
to large-wavelength mechanical/structural/facility vibrations.
2) Sensitivity falls off as jzj increases. The rate of roll-off

increases with wavenumber and divergence angle.

3) Spatial filtering away from the instrument’s focus is achieved
through a combination of these effects. Small disturbances are
averaged by the large beam diameters, while large disturbances
are uniformly filtered because they produce weaker gradients than
small disturbances for a fixed amplitude. The combined effects
could be referred to as “common mode” rejection.
The magnitude of the combined overall transfer function jHzj is

plotted in Fig. 12 versus both wavenumber and optical axis to
illustrate the way in which an FLDI spatially filters flow-parallel,
uncorrelated sinusoidal disturbances to produce the measured signal.
Equation (20) is a simplified expression for FLDI sensitivity, and
more complicated effects arise when accounting for the following:
1) Disturbances with arbitrary wavefront orientations (Hameed

and Parziale [99] and Lawson and Austin [101])
2) Disturbance amplitude (Fulghum [24] and Hameed and Par-

ziale [99]) and velocity variation along the optical axis (Ceruzzi and
Cadou [75] and Ceruzzi [110])
3) Coherent wavefronts and the effects of wavefront phase along

the optical axis, which have not yet been addressed by transfer
functions but have been addressed in computational FLDI
[106,109,111]
These effects require assumptions about the nature of the inter-

rogated flowfield and may lead to improved accuracy at the cost of
complexity and computational time. At present, for most applica-
tions in high-speed wind tunnels, the large uncertainties in the
flowfield lead to prohibitively large uncertainties in the quantitative
interpretation of FLDI signals. Thus, Smeets’ warning still rings
true.

C. Spatial Resolution

The measurement volume of the FLDI instrument can be defined
with dimensions XSR, YSR, and ZSR, which describe the instrument’s
spatial resolution along the x, y, and z axes, respectively. At the
focus, XSR � Δx (the beam separation), and YSR � 2w0, (the beam
diameter). Further away from the focus, both XSR and YSR are
approximately equal to the local beam diameter, which can be
modeled with Eq. (18) and is easily measured with a beam profiler
camera. The optical-axis spatial resolution ZSR, also called the depth
of focus, is more difficult to describe. Approaches for estimating,
modeling, and conceptualizing ZSR are reviewed in this subsection.
Smeets and George did not attempt to quantify the FLDI depth of

focus in the reports that are translated into English (although the
untranslated reports may provide more insight into their thoughts on
the matter [4,95]). Parziale [19] proposed a simple empirical method
for determining ZSR, by translating a small jet along the optical axis
and measuring the response. Figure 13 shows a diagram of the
experiment and the results. The distance from the focus at which
the RMS of the signal fell to 1∕e of its peak, z1∕e, was taken to be the
half-width of the “integration length”:

ZSR � 2z1∕e (22)

a) b)w0kx < 1
Fig. 12 FLDI sensitivity to flow-parallel sinusoidal waves.

Article in Advance / BENITEZ ET AL. 11

D
ow

nl
oa

de
d 

by
 7

5.
10

4.
11

1.
23

5 
on

 A
ug

us
t 2

8,
 2

02
6 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
06

54
47

 



This approach works well if the flowfield of interest is composed of
similar structures and scales to those in the region of the jet that was
interrogated by the FLDI. However, the measured length does not
represent a universal spatial resolution for the instrument because
the sensitivity is a function of the disturbance scale, as illustrated
by Eq. (20). Recent experimental [74,75,104,110] and computa-
tional [109] investigations have shed more light on the optical-axis
sensitivity.
Figure 14, which contains data from Ceruzzi et al. [74], illustrates

how the optical-axis decay of the signal RMS can vary with dis-
turbance scale. Figure 14a shows signal decay for a jet at two
streamwise positions, x∕d � 5 and 45, based on the experimental
setup shown schematically in Fig. 13. When the FLDI (with radial
divergence angle θd � 0.029) is near the jet’s nozzle (x∕d � 5), the
response decays rapidly with z, reaches zero approximately 150 mm
from the focus, and the 1∕e length is roughly 37 mm. In contrast,
when the jet is further away (x∕d � 45) the decay is slower, does
not reach zero by 200 mm, and the 1∕e length is roughly doubled.
The differences arise because the region of the jet that is interrogated
by the FLDI is wider and contains larger scales as x∕d increases.
Figure 14b shows results from a similar experiment, using an FLDI
setup with a smaller divergence angle (θd � 0.014), which reduces
the influence of flow width. The jet is replaced by a 64 mm square
test section with Mach 3 air flow. The orange triangles represent
measurements of the “empty” tunnel, and the RMS signal is pri-
marily produced by sidewall turbulent boundary layers that are
10 mm thick [72]. The purple stars, which represent measurements
downstream of a “disturbance generator” (19 mm tall ramp), decay
slower, are far from zero at z � 400 mm and result in a 56% longer
1∕e value compared to the measurements of the empty tunnel. The
primary reason is the larger, more coherent disturbances in the flow
downstream of the ramp. Figure 14 also illustrates the large variation
in 1∕e length with divergence angle, from as small as 37 mm for
θd � 0.029 to as large as 237 mm for θd � 0.014.
The transfer function, Eq. (17), is a more versatile method

for modeling the sensitivity and thus spatial resolution along the
z axis because it accounts for the effects of disturbance scale and

divergence angle. Lawson et al. validated this approach (see Sec. 4.2
in Ref. [104]), showing that the response to acoustic waves of
varying frequency, and thus varying wavenumber, collapses under
the transform of Eq. (17). More recently, Ceruzzi and Cadou [75]
and Ceruzzi [110] showed that the broadband spectra of a turbulent
jet collapsed under the transform of Eq. (17), provided that the
jet’s disturbance and velocity profile are modeled accurately.
These experiments suggest that the spatial resolution can be esti-
mated directly by setting Hw�ZSR∕2� � 1∕e and solving for ZSR.
For flow-parallel, uncorrelated sinusoidal waves, the resulting equa-
tion is

ZSR � 2 2
p

λx
πθd

(23)

where λx, the disturbance wavelength in the x direction, is related to
the wavenumber by

λx �
2π

kx
(24)

Figure 15 shows how the spatial resolution increases linearly with
disturbance wavelength and divergence angle. The divergence angle
is not reported in most literature to date; however, it can be com-
puted from w0, which is occasionally reported, using Eq. (19). Most
FLDI setups have divergence angles between 0.015 [74] and 0.040
[112]. The upper limit is constrained by the lack of availability and
prohibitive cost of high-quality prisms and low-f-number lenses
with apertures >100 mm. For disturbances smaller than 2 mm, a
spatial resolution smaller than 50 mm is achievable, provided that
the FLDI beams have a sufficiently large divergence angle. For
disturbances larger than 5 mm, the spatial resolution will likely
exceed 100 mm. Experimenters can use Eq. (23) or Fig. 15 as a
guide for determining whether their setup will be able to adequately
resolve the scales of interest.
One limitation of Eq. (23) is that it does not account for situations

where disturbances far from the focus have significantly larger
amplitudes than those at the focus. The most prevalent example of
this situation is the measurement of freestream disturbances in wind
tunnels where sidewall shear and boundary layers are typically >10
times stronger than the disturbances of interest. In this situation, the
FLDI signal will be significantly corrupted by large scales away
from the focus. This effect was discussed and modeled by Fulghum
[24] (see Sec. 3.10.2) and validated experimentally by Birch et al.
(see Fig. 8 in [27]). Modern discussions and modeling of these
effects are provided by Gillespie et al. [35], Ceruzzi [110], and
Benitez et al. [106]. The key takeaway is that FLDI can only
accurately resolve the amplitude of small-scale, high-frequency
disturbances in the freestream (unless the shear/boundary layers
are shrouded as in Birch et al. [27]). A method for determining
the cutoff frequency between resolved and unresolved signals is

Fig. 13 Schematic of turbulent jet experiment to investigate optical-

axis sensitivity.

θd = 0.029 θd = 0.014 a) b)

Fig. 14 FLDI RMS signal response along the optical axis. M3CT: Mach 3 calibration tunnel; TBLs: turbulent boundary layers; DG: disturbance
generator. Adapted from [74] with permission of the authors.
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presented in Sec. 2.3.1 of [110]. For freestream disturbances in
hypersonic wind tunnels, a conservative estimate for this cutoff is
200 kHz [27,35,106,110]; however, comparison with Pitot spectra
from Lawson et al. [105] suggests that the cutoff could be as low as
10 kHz in some cases.
Another limitation of Eq. (23) is that it does not account for the

relationship between disturbance phases along the optical axis. If we
assume that disturbances near the focus are correlated and in phase
with one another while disturbances up-beam of the focus are
uncorrelated with those down-beam of the focus, it is reasonable
to expect the signal-to-noise ratio and the effective spatial resolution
to improve. Computational studies are shedding more light on
this phenomenon [111]. Thus, Eq. (23) may be thought of as a
conservative estimate of optical-axis spatial resolution.

D. Experimental Validation of Theory

Schmidt and Shepherd performed a simple static experiment to
validate the theory for quantifying the response of an FLDI to
optical index gradients [96]. A rectangular argon jet with an aspect
ratio of 16.5 was constructed and simulated using OpenFOAM. A
schlieren image taken along the long axis of the jet is shown in
Fig. 16a. The flow rate of the argon was low enough that the jet was
steady and laminar and reversed direction due to gravity at a certain
height above the exit plane. The jet was approximately two-
dimensional (2D) along the majority of the axis. The FLDI beams
were aligned with a vertical offset (in the x direction) along the
interface between the argon and the ambient air as shown in the
figure, with the focus of the FLDI positioned at the center of the jet.
A pseudo-schlieren image shown in Fig. 16b demonstrates qualita-
tive agreement with the experiment, and the index of refraction was
computed numerically from the simulation.
Portions of the jet were covered with tape to produce different

lengths over which the FLDI would integrate, and these lengths
were not necessarily centered with respect to the position of the
FLDI focus. The response of the FLDI was measured in the experi-

ment and compared to simulations using the CFD data and a ray-
tracing model. The results are shown in Fig. 17 and demonstrate
good agreement compared with the ideal line. These experiments
demonstrated the validity of Eq. (11) for modeling the response to a
static (or steady) flow.
Fulghum [24] used a turbulent jet to measure fluctuation spectra

with hot-wire anemometry and FLDI. To accurately determine the
spectral content of the jet, he estimated a transfer function for both
techniques to compensate for any diagnostic-based amplitude
dampening. The transfer functions were computed by analyzing
the signal response to a square-wave input. By plotting the power
spectral densities obtained by deconvolving the turbulent jet signal
from the diagnostic transfer function, Fulghum found that both the
hot-wire and FLDI spectra had roll-offs near the expected −5∕3
slope. These experiments demonstrated the utility of transfer func-
tions for recovering accurate spectral slopes.
Lawson et al. [104] used a steady, laminar jet and an unsteady

ultrasonic acoustic beam to characterize the static and dynamic
response of an FLDI. For the steady jet, agreement between model-
ing, FLDI measurement, and an independent Mach–Zehnder inter-
ferometer further validated the approach of Schmidt and Shepherd
[96]. For the unsteady acoustic beam, emphasis was placed on the
FLDI’s optical (z) axis response. Figure 18 shows the results, where
measured amplitudes collapse under the transform described by
Eq. (17). This provided experimental evidence that transfer func-
tions could accurately model the instrument’s spatial resolution.
Lawson and Austin [108] also used an expansion tunnel startup

shock to demonstrate good agreement between measurements and
simulations using a combination of unsteady CFD and the full ray-
tracing approach [Eq. (11)]. These results, discussed further in
Sec. VI, provide some validation for the ray-tracing approach of
Schmidt and Shepherd [96] for complex, dynamic flows where
analytical transfer functions are not practical.

Fig. 15 Relationship between spatial resolution (ZSR), wavelength (λx), and divergence angle (θd) for uncorrelated, flow-parallel disturbances.

a) b)
Fig. 16 a) Schlieren image of the argon jet in the x-y plane. The top of
the jet is about 15 mm from the chamber exit and is observed to be
uniform across the jet cross section, temporally stable, and laminar.

b) Pseudo-schlieren image of the argon jet showing the vertical gradient
in density for comparison with the experiment. Reproduced with per-
mission from [96], ©2015, Optica Publishing Group.

Fig. 17 Experimental versus numerical data for the argon jet experi-

ments performed by Schmidt and Shepherd [96]. Letters on the markers
refer to specific configurations detailed in Table 2 of [96]. Reproduced
with permission from [96], ©2015, Optica Publishing Group.
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Ceruzzi et al. [74,75,110] used a round turbulent jet to investigate
the response to a complex turbulent flow. They varied both the beam
separation Δx and the position of the jet along the optical-axis z0
(see Fig. 13). The results, replotted in Fig. 19, demonstrate that the
measured spectra collapse under the transform of Eq. (20) combined
with an accurate model of the jet’s density and velocity profile. The
collapse validates the simple transfer functions as useful for under-
standing the instrument in complex turbulent flows. The inclusion of
the jet’s density profile was proposed by Fulghum [24] and was also
used by Hameed and Parziale [99], who demonstrated the benefit of
this approach over an approach that assumes a uniform profile.
The benefit of modeling the jet’s velocity profile is demonstrated
in Sec. 3 of [110].
Recently, Lawson et al. [105] have demonstrated agreement

between Pitot probe and FLDI measurements, replotted in Fig. 20,
when the spectra are transformed by the proper transfer functions.
These experiments demonstrate the ability to recover spectra that
agree in both magnitude and slope with an established measurement
technique, representing a major step forward in our ability to obtain
accurate, quantitative measurements from FLDI. However, the
authors caution that the bandwidths of the two techniques do not
overlap, and thus the agreement is not entirely conclusive. There is
still a need for validation experiments that compare FLDI to other
measurements with high-frequency bandwidths, such as PCB piezo-
electric pressure transducers and small, fast-response hot wires.

E. Signal Interpretation and Postprocessing Guide

The following is a short guide to interpreting and postprocessing
the FLDI signal.

1. Prior to the Experiment

1) Set up the FLDI with a known laser wavelength, λ0. Measure
the beam separation Δx and the divergence angle θd using a beam
profiling camera. See Secs. 3.4 and 3.5 of [75], for example.
2) The size of the measurement volume can be estimated as

described in Sec. III.C. Ensure that scales of interest will be
adequately resolved.
3) Characterize the photodiode’s high-frequency response HPD

using a pulsed light source.

2. Prior to Each Test/Run/Shot

1) Characterize the voltage-phase curve by translating the Wol-
laston prism along the beam separation axis or by using a phase
retarder. Ensure that the interferometer signal is near the middle of
the fringe, V0, during the most important test time.

3. Posttest

1) Convert voltage to phase difference using Eq. (9) or Eq. (10) to
remove the effects of laser power and the photodiode circuit.
2) The “local” refractive index gradient is proportional to the

phase difference:

∂n
∂x

≈
λ0

2πΔxZSR

Δϕ (25)

Qualitative comparisons to schlieren can be made. Be wary of the
large uncertainty and scale dependence of ZSR.
3) If the x axis is aligned with the flow direction, then the local

refractive index is proportional to the integral of the phase difference
with respect to time:

a) b)
Fig. 18 Results of the ultrasonic beam experiments from Lawson et al. [104]. a) Drop-off in FLDI response moving away from the location of the foci at
z � 0. b) Same data as (a) but plotted using the variables suggested by the analytical transfer function model. Frequencies f0 range from 30 to 100 kHz
in 5kHz increments. Reformatted using data from Lawson et al. [104], courtesy of J. M. Lawson.

Fig. 19 Optical-axis spectral response to a turbulent jet, d � 3mm
and x∕d � 25; ρ 0

jet is obtained by dividing Δϕ by the transfer function

described by Eqs. (20) and (21). Data replotted from Ceruzzi and
Cadou [75].

Fig. 20 Comparison of converted FLDI and Pitot spectra of freestream
disturbances in VKF Wind Tunnel D Run 183, M∞ � 5. Reformatted
using data from Lawson et al. [105], courtesy of J. M. Lawson.
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n�t� − n�0� ≈ λ0
2πΔxZSR

t

0

ucΔϕ�τ� dτ (26)

where uc, the disturbance velocity, can be modeled or measured
with multipoint FLDI, for example. The integral can be performed
numerically. In practice, this integral is easily corrupted by low-
frequency oscillations from laser power, stray light, or disturbances
far from the focus.
4) If the flow is homogeneous, the local density can be found:

ρ�t� − ρ�0� ≈ λ0
2πΔxZSRK

t

0

ucΔϕ�τ� dτ (27)

where K is the Gladstone–Dale constant.
5) If interested in frequency spectra, fluctuations should be

modeled, and a transfer function, H, should be found and applied
to the phase-difference spectra. For example,

F �ρ 0� ≈ F �Δϕ��f�
H�k� (28)

where F � � is the Fourier transform. The transfer function can be
found by solving Eq. (11) analytically, numerically, or by a combi-
nation of both, and the result will contain a series of constants and
unit conversions that make the sides of the equation equal in
magnitude. A conversion between spatial and temporal frequencies
is required:

k � 2πf

uc
(29)

Low-frequency spectra will likely be corrupted, making measure-
ments of overall turbulence intensity impossible in most situations.
High-frequency spectra will be free from noise, represent local
fluctuations, and will be accurate in magnitude, given that the
appropriate transfer function is applied. The cutoff frequency fc
can be determined using modeling and transfer functions. See Sec.
2.3.1 of [110], for example. Turbulence intensity is best found by
restricting the signal to frequencies above this cutoff:

ρ 0

�ρ
≈
Δϕ
�ρH

∀ f > fc (30)

IV. Multipoint FLDI Techniques

This section discusses several methods used to create multiple
FLDI beam pairs to enable measurements at several locations
simultaneously. Such capability is highly valuable in hypersonic
impulse facilities such as shock tunnels and Ludwieg tubes, where
translation of the model or setup is not feasible. Furthermore, having
simultaneous measurements at two or more positions enables signal
correlation analysis, which is typically used in FLDI measurements
to extract a convective velocity of disturbances or waves [42,44,
113,114]. An accurate convective velocity is critical for the con-
version between spatial and temporal scales required in signal
interpretation, as discussed previously in Sec. III.E. The key
assumptions made for the velocity calculation are 1) that disturb-
ances do not significantly change as they convect from one meas-
urement location to the next, and 2) that disturbances convect
primarily in the direction between the measurement locations. These
assumptions are reasonable if the measurement location spacing is
small compared to the velocity gradients in the flow and if the
spacing is oriented with the flow direction. The measurement often
represents an acoustic wave velocity because of the application
(hypersonic freestream and boundary-layer flow) and high sensitiv-
ity to such waves. This can complicate the velocity measurement if
acoustic waves are propagating orthogonal to the flow. Otherwise, if
turbulence intensities are low and mean shear is negligible
(kU ≫ dU∕dy [115]), it is reasonable to assume the convection
velocity is equal to the bulk flow velocity (Taylor’s frozen turbu-
lence hypothesis [116]).

A. Additional Birefringent Prisms

The use of a Koester prism for two-point measurements was
demonstrated by Smeets and George in 1971 (see Fig. 3 in Ref. [1]),
and was initially used as a method to reduce the influence of
vibrations on the measurements by providing a shielded second
beam path for mean signal subtraction [1,5]. The reason for using a
Koester prism is that the split beams are made to converge such that
they come to a focus in the Wollaston prism that is used to split each
beam into two orthogonally polarized beams. This ensures that the
two measurement beams (Koester beams) traverse the test section
parallel to each other. After initially using a microscope slide to split
the incident laser beam into two measurement beams using total
internal reflection [113], Jewell et al. replaced the microscope slide
with a Koester prism following the design of Smeets and George to
make two-point measurements [114].
The difficulty with using a Koester prism for the beam splitting is

that the laser must be incident at an angle relative to the optical axis.
If the orientation of the two beams does not need to be changed after
the initial setup, this does not pose a problem, but if the orientation
of the beams is to be rotated about the optical axis, the laser and
Koester prism must be fixed together to a rotation stage, complicat-
ing the setup. Weisberger et al. and Bathel et al. instead used a
Nomarski prism for the beam splitting, which allows the laser to
remain aligned with the optical axis, and where rotation of the
beams requires only rotation of the Nomarski prism itself about
the optical axis [44,45]. This prism is used extensively in differential
interference contrast (DIC) microscopy, where the overlapping
of the two beams must occur outside of the prism (a modified
Wollaston prism, where the optic axis of one of the prism halves
has been rotated) [117]. By ensuring that this overlap of the two
beams occurs at the Wollaston prism, and thus at the focus of the
field lens, the beams can be made to run parallel as they traverse the
test section. This parallel beam propagation is important for
unbiased velocity measurements, as discussed in Sec. IV.H. The
Nomarski prism has found use in two-point FLDI measurements
[44,45,118] and in two-line measurements using cylindrical optics
[47,48,50].
As mentioned earlier, the Koester prism usage by Smeets and

George was primarily used to obtain a second reference beam for
vibration reduction of the primary beam’s signal. However, in these
early documents, multipoint systems (up to eight simultaneous
measurement points) were assembled and used instead of a set of
Wollaston prisms to provide the initial beam splitting [1,7]. The
number of Wollaston prisms used was dictated by the number of
measurement points desired. For example, for a two-point system,
one additional Wollaston prism was added on the pitch side, while
for a four-point system, two additional Wollaston prisms were added
on the pitch side. The figure on page 18 of Ref. [1] shows a system
with eight pairs of laser beams. Three Wollaston prisms are used to
split the initial beam into the eight measurement beams, and the
fourth Wollaston prism provides the typical splitting for each of the
eight beams. On the catch side, only the typical single Wollaston
prism (matched to the pitch-side typical Wollaston prism) is used to
make the orthogonal polarization beams in each of the eight meas-
urement beams colinear before interference at the filter and meas-
urement at individual photodiodes. Each of the Wollaston prisms for
the multibeam system has a quarter-wave plate before it, used to
convert the linear polarization of the two exiting beams from the
previous Wollaston prism to circular polarization such that they are
equally split into their further components at the next Wollaston
prism. To ensure that the multiple beams traverse the test section
parallel to each other, another lens is required before the field lens
and typical Wollaston prism to focus the multiple beams down into
the Wollaston prism. The method of using multiple Wollaston
prisms to create multipoint FLDI measurements has been used
extensively [1,7,35,40,42,61,62,66,68–73,75,79,80,83,88,89,92,
119,120], with some of these using a separate additional optic to
split the beam into further points [66,68,69,119]. Note, however,
that not every usage includes the additional lens needed to ensure
parallel beams through the test section, and so the beams will
instead be angled between the field lenses. If not using the beams
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for velocity measurements, this configuration can be acceptable, but
when convective velocities are being measured, the most accurate
implementations will include an additional focusing optic.
While the main polarizing prisms used for splitting into multi-

beam systems were described above (Koester, Nomarski, and
Wollaston), other polarizing prisms could in theory be used [121],
although the focusing of the output beams into the Wollaston prism
for parallel beam traversal in the test section would need to be
carefully considered. For example, Rochon and Sénarmont prisms
split an input beam into two orthogonal polarization beams, with
one beam continuing parallel to the optical axis and the other beam
angled slightly. A beam displacer (e.g., a calcite beam displacer)
could be used, where one beam continues along the optical axis
while the other beam is displaced a fixed distance but remains
parallel to the optical axis. A variable beam displacer can be used,
where the separation distance between the two parallel beams can
be changed [122]. Another method of achieving an adjustable
offset of parallel beams is shown in Ref. [92], where a nonpolariz-
ing beamsplitter and a mirror are used to split the first beam into
two beams and then reflect the second beam parallel to the first.
For all these options, the additional lens mentioned in the previous
paragraph would still be required to focus these beams into the
Wollaston prism to ensure parallel traversal of the beams across the
test section.

B. Cylindrical Optics Line FLDI

As mentioned in Sec. II.C, the use of cylindrical optics in an
FLDI system was outlined by Smeets [7]. The elongated ellipse
(called a line hereafter) that forms at the beam focus can be
measured not by a single photodiode (as is sometimes done with
cylindrical optics; see Sec. II.C) but by a linear array photodiode.
This effectively enables a multipoint measurement from a single
beam, where the spatial resolution is limited by the dimensions of

the linear array photodiode pixel size and the magnification of the
laser line on the photodiode array [47,48,50,51].
A schematic of a two-line FLDI system using cylindrical optics is

shown in Fig. 21. A positive cylindrical lens (PCLP) and a negative

cylindrical lens (NCLP) are used to expand the line to the correct
size for passage through the test section. The PCLP is positioned
one focal length away from the focal point of the beam expander

(BE) in order to collimate the beam in one direction. The NCLP is
positioned one focal length away from the Wollaston prism (WP)
such that the expanding line is collimated through the test section
(since theWP is located at the focal point of the field lens (FLP). To
make measurements at two closely spaced lines, a Nomarski prism
was added, which overlaps the two lines at theWP, ensuring parallel
propagation of the two lines through the test section. The lens
choices on the pitch side of the system (left side of the schematic)
dictate the physical size of the laser line in the flowfield, while the
lenses on the catch side (right side of the schematic) dictate the
resolution of the measurement along the laser line.
Example results from two flow cases using the line FLDI system

are shown in Fig. 22. In Fig. 22a, 16 channels of a linear array
photodiode made measurements of a shock wave from a spark
generated via laser-induced breakdown, where the sequential regis-
tration of the shock wave’s signal is visible from channel 1 to 16 and
where the reflected shock wave from the table below the measure-
ment registers as a signal in the reverse direction in the inset. In
Fig. 22b, the utility of a line measurement was demonstrated when
making measurements of second-mode disturbances in the boun-
dary layer of a flat plate. Here, the plate covers the bottom channels
(14, 16), and channels 2–12 measure flow fluctuations through the
boundary layer. A second mode wave packet was observed as
outlined in the dashed black line, and the line measurement was
able to determine that the region of highest intensity fluctuation is
some finite distance above the surface of the plate.

Fig. 21 Schematic of a two-line FLDI system used for multipoint sampling of a flowfield. The cylindrical optics allow for measurement along a line, and
a Nomarski prism is used to make a two-line measurement. Reproduced with permission from [47], ©2020, Optica Publishing Group.

Fig. 22 a) Response of 16 channels to a traveling shock along major axis of beam. b) Flat-plate boundary-layer wall-normal measurement with second-
mode wave packet outlined in dashed black, with upstream (US) and downstream (DS) lines identified. Reproduced with permission from [47], ©2020,
Optica Publishing Group.
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High-resolution measurements along a line are possible with this
system, but the increase in measurement points requires an increase
in acquisition channels. No off-the-shelf linear array photodiode
system was ready to use for the system described above, and so
custom fabrication was required. A simple reverse-biased circuit can
be used in some instances [47,48,50], but for optimization of the
acquired signals based on the laser power, optic transmission attenu-
ation, beam splitting, and oscilloscope specifications, a custom
solution may be required [51]. The cost of multichannel oscillo-
scope modules with high bandwidth and simultaneous sampling is
on the order of many thousands of dollars, and so systems with
higher acquisition channels can balloon in cost. Because it is the
data acquisition system (oscilloscope) that has the increased cost,
not the linear array photodiode and associated amplifier boards, this
is a limitation for any multichannel measurement system. Align-
ment of the line FLDI system requires greater care than a single-
point or two-point measurement because the length of the line at the
beam focus is determined by the cylindrical lenses on the pitch side;
decisions about this line length must be made during the system
assembly process. The spatial resolution along the minor axis of the
beam is on the same order as a normal FLDI system (Gaussian beam
waist), but along the major axis of the line, the spatial resolution
is dictated mainly by the linear array photodiode pixel size. There
are many options for off-the-shelf linear array photodiodes with

different pixel sizes and numbers of channels, but these must be
incorporated into the design early in the system design.

C. Diffractive Optical Elements for Linear Array FLDI

Diffractive optical elements (DOEs) are optical components that
operate based on principles of diffraction rather than refraction, and
they offer unique beam-shaping and splitting capabilities. Gragston
et al. [33] introduced the use of diffractive optics with FLDI systems
for efficient beam splitting, examples of which are shown in Fig. 23,
where images were taken with a beam profiler camera at the focus
point of the FLDI system. A single 6 × 1 DOE was used to obtain
the pattern in Fig. 23a, while two of these 6 × 1DOEs were used for
the patterns in Figs. 23b and 23c. In Fig. 23b, the two DOEs were
rotated 90 deg relative to one another to produce a square 6 × 6 grid
of points, while in Fig. 23c, the DOEs were rotated to an angle less
than 90 deg relative to one another to change the orientation of both
the 6 × 6 grid and the Wollaston-separated beams at each grid point.
These images show the versatility in the generation of arrays of grid
points using DOEs.
The 6 × 1 DOE of Fig. 23a was used to measure the screech tone

in a Mach 1.5 jet [33,81]. This DOE was designed with a separation
angle of 0.71 deg for a design wavelength of 633 nm, and the grid
was aligned horizontally, with measurement points extending from
the center of the vertically oriented jet near the nozzle exit out to the
edge of the jet. Both high-speed photodiodes and a high-speed
camera were used to make measurements, with resulting spectra
for all six measurement points shown in Figs. 24b and 24a, respec-
tively. Note that due to the sampling rate/frame rate differences
between the two measurements, the frequency bounds on the x axis
are different, and due to the changing intensity of the screech tone
measurement, the y-axis limits also change between plots. Point 1 is
located at the centerline of the jet, with incrementing numbers
increasing in radial distance from the jet center out to the jet edge.
For all measurement points, the screech tone at 17 kHz was iden-
tified, both in the camera data and the photodiode data, and beams
near the outer edge of the jet measured higher amplitudes of the
screech tone, as expected.
When purchasing a DOE, the number of points, the divergence

angle of the split beams, and the working wavelength all need to be
specified. Using the DOE with an off-design wavelength laser
causes the beams to split unevenly in power and produces a
zeroth-order diffraction beam at the center of the grid, which gen-
erally has higher power than the other diffracted first-order points
(and thus reduces the power available to the other beams). Though
DOEs can cost as much as a Wollaston prism, they can be designed
for any distribution of points and can also be used together with
additional Wollaston prisms or other DOEs to increase the number
of measurement points, and the overall footprint in multipoint setups
can be reduced compared to the classic multiple-Wollaston prism
approach. Finally, because the beams have a fixed splitting angle,
ensuring the beams are captured on their respective photodiodes on
the catch side of the FLDI instrument requires care, and several
methods are discussed in Sec. IV.G.

Fig. 24 Mach 1.5 jet screech frequencies measured at six points using the a) high-speed camera-based measurement method and the b) fiber-
optic-coupled photodiode measurement method. Reproduced from [81] with permission of the authors.

Fig. 23 Example arrays of FLDI beam pairs created using diffractive

optics [81]. a) A linear distribution of six beam pairs from a single
diffractive optic (6 × 1). b) A 2D array of FLDI beam pairs and c) a
parallelogram arrangement created by two diffractive optics. Repro-
duced from [81] with permission of the authors.
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D. Microlens Array

Another method of producing an array of measurement points is
by using a microlens array (MLA), such as those that have been
widely used in Shack–Hartmann wavefront sensors and for plenop-
tic imaging. These MLAs typically have short focal lengths and can
be used as the initial expansion optic if allowed to focus and then
diverge. Marsh et al. used an MLA-based FLDI system to make
measurements of an underexpanded jet [94]. While both DOEs and
MLAs can generate a grid of points from a single optic, the DOEs
operate using diffraction and split the single input beam into a
diverging grid of beams, while the MLA uses refraction at each of
the microlenses to create the individual beam points. The manufac-
turer of the DOE specifies a suggested input beam diameter for
optimum operation, while the MLA typically requires an input beam
with a large enough diameter to cover the entire grid of the micro-
lenses. This may require expansion and subsequent collimation of
the laser beam before it is incident on the MLA.
A schematic of the MLA-FLDI system used by Marsh et al. is

shown in Fig. 25. After expansion and collimation of the laser beam
(not shown in the schematic), the beam passed through a 33 × 33
MLA. A polarizing Mach–Zehnder configuration was then used to
split the beams into their orthogonal components, instead of the
typical Wollaston prism splitting method (see further information in
Sec. VII.D). Using the Mach–Zehnder configuration allowed for
precise, adjustable beam separation control, in contrast to the fixed
splitting when using a Wollaston prism (although note that adjust-
able splitting is also possible with the Sanderson prism). The mirrors
(M) are used to adjust the offset and position of the projected beams.
On the catch side of the system, a similar configuration is used to
make the beam collinear, again with precise adjustments enabled by
the mirrors. This adjustment is the equivalent of ensuring that the
catch-side Wollaston is in the correct location along the optical axis
to make the beams collinear. A comparison of a schlieren image of
the underexpanded jet and the MLA-FLDI system shows a good
comparison of the jet structure (not pictured here; see [94]). While
the MLA-FLDI results in an image of the jet at a much lower
resolution than the schlieren camera (limited to the resolution of
33 × 33 MLA), the turbulence information can be directly obtained
with high sensitivity. Measurements of a jet with a screech fre-
quency at 14.1 kHz were also performed, further demonstrating the
system’s ability to resolve frequency structures at measurement
points in the grid.
While a Mach–Zehnder configuration was used above, the MLA

can also be incorporated into a traditional FLDI setup by replacing
the expansion lens with the MLA and adjusting the spacing of the
subsequent optics appropriately. Off-the-shelf MLAs typically cost
a few hundred dollars and can be used over a wide range of wave-
lengths (hundreds of nm). These MLAs can be placed in rotation
mounts so that the beam grid can be rotated about the optical axis. If
using the Mach–Zehnder configuration for the beam splitting,
greater care must be taken when adjusting the rotation of the

splitting (equivalent to the rotation of the pitch and catch Wollaston
prisms in a conventional FLDI system). For higher-density beam
grids, a higher-power laser will generally be required to ensure
sufficient intensity of the light in each beam. With the increase in
beam grid points when using an MLA, acquisition with individual
photodiodes is not feasible, and a high-speed camera is required, as
shown in Ref. [94]. The dual-DOE method of creating points allows
for skewed grids by rotating the DOEs relative to one another, but
MLA-based systems have a fixed grid shape defined by the MLA
itself. Current camera technology limits the MLA-FLDI measure-
ments to lower frequencies (frame rates) than would be attainable
with photodiodes, and at higher frequencies (frame rates), the image
resolution is decreased, sometimes drastically for the highest
achievable imaging frame rate. A balance between beam intensity,
imaging frame rate, spatial resolution, and pixels per beam point is
required.

E. Spatial Light Modulator

While the previously described DOE and MLA methods of
creating multiple beams are versatile in terms of the beam grid size
and spacing (virtually any configuration of beam splitting, shape,
size, and splitting angle can be attained with DOEs), these grids are
fixed for each optic and typically require new optics for changes to
the grid number and shape (although the spacing of the beams can
be adjusted in the MLA system). A dynamic method of generating
multiple beams uses a spatial light modulator (SLM), as demon-
strated by Holladay and Zhang [78]. This initial demonstration
shows the generation of a ring of laser grid points around a central
point, with theWollaston beam separation in the horizontal direction
of approximately 105 μm, as shown in Fig. 26.
Testing was performed by Holladay and Zhang [78] with the

SLM-FLDI system using a Mach 1.5 jet, with the beam array
located in close proximity to the nozzle exit and the first expansion
fan, and photodiodes were used for the data acquisition, although
high-speed cameras can also be incorporated. Results from a single-
point FLDI and the SLM-FLDI showed similar frequency peaks in
the power spectral density plots, although the difference in the
distribution of the energy over the frequency spectrum and the
roll-off of the signals needs further investigation. The cost of a
commercial off-the-shelf SLM is on the order of many thousands
of dollars, but the flexibility of the beam configuration may be
appropriate for certain applications where the cost of this beam-
splitting optic is not prohibitive.

F. Scanning Point FLDI

The previous subsections have focused on systems that make
measurements at multiple points simultaneously. If the duration of
test time at a fixed condition is sufficient, a single-point (or multi-
point) FLDI system can be scanned to make measurements at
different spatial positions. Smeets described a system where the

Fig. 25 a) The FLDI setup developed by Marsh et al. [94] utilizes a microlens array to create multiple FLDI points. Detailed images show b) a
schematic of the microlens array, c) the FLDI beams at the focal plane, and d) the beams at the detection plane as viewed by a camera. The red text in
(b) shows a lens spacing of 400 μm. Reproduced with permission from [94], ©2024, Optica Publishing Group.
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points in the test section could be displaced in a parallel fashion by
turning a small mirror, as described in Sec. 5a and shown in Fig. 19
of Ref. [7]. Another method of using a single-point system to make
measurements at multiple points is by linking the pitch and catch
systems together on a single breadboard and moving the entire FLDI
system to scan the focus point. This was used by Pandey et al. to
translate the FLDI focus point in the streamwise direction while
making measurements on a cone-slice-ramp geometry [123]. Gui
et al. used a similar system, where adjustment of the FLDI system
was made using a motorized linear stage to move the two-point
measurement in steps of 0.025 mm to eight positions along the
surface of a 7 deg half-angle cone with distributed roughness along
its surface [118]. Finally, Xu et al. independently mounted the pitch
and catch sides of the FLDI system on three-dimensional (3D)
translation stages, where both sides of the system could be moved
synchronously, to make measurements of an ultrasonic standing
wave in a water tank [124].

G. MultiPoint Data Acquisition

Depending on the number of measurement points, data acquis-
ition systems can range from simple to quite complex. For roughly
two to four measurement points, it is simple to add a second/third/
fourth photodiode and acquisition channel(s) [35,40,44,45,61,62,
70,72,73,75,79,80,83,88,89,113,114,118,120]. Because the photo-
diode elements cannot be located directly next to each other due to
the typical photodiode housing/electronics, methods of providing
enough separation of the beams include using a lens to angle the
beams away from each other, using a prism mirror to reflect the
beams away from each other, and simply letting the beams continue
to diverge until they are separated enough. For more than four
measurement points, using individual photodiodes is still possible,
but likely requires additional optics to separate the beams from one
another.
For many of the multipoint FLDI systems that use DOEs, six

measurement points are arranged in a 6 × 1 line, and instead of
arranging the photodiode units next to each other and using an
assortment of lenses and mirrors to direct the beams onto their
respective sensing elements, smaller-footprint fiber optic cables
with associated collimation optics were used to collect the light,
and the other end was connected directly to the individual photo-
diodes located some convenient distance away [33,58,65,67,
81,82,84–86,125]. For some measurements, 12 total points are
arranged in a 6 × 2 array, and two of the 6-channel fiber arrays
were used side-by-side [66,68]. Note, however, that the fibers lead
to signal loss due to inefficiencies and vibrations near wind tunnels,
which can cause the beams to vary in position while focusing into
the fiber core, leading to large, low-frequency signal oscillations. To
mitigate this problem, Davenport et al. took OEM-packaged photo-
detectors and separated the photodiode from the amplifier board
[69]. The photodiodes were then arranged on a circuit board similar
to the mounting strategy of the fiber collimators of the previous
designs. Wires were then used to connect the photodiode pins back

to the amplifier boards, which were located a convenient distance
away, eliminating the need for precise fiber coupling. This method
of separating an OEM photodetector has been used recently by other
authors [112,119].
For multipoint cylindrical lens FLDI systems, the number of

measurement points is dictated by the number of channels of the
linear array photodiode, with current systems using either 16 chan-
nels [47,48,50] or 35 channels [51,126]. A detailed guide for the
design of the photodiode circuit board, amplifier circuit boards, and
data acquisition system with software interface is given in Weis-
berger et al. [51]. With the increasing number of individual photo-
diode elements in the linear array, more acquisition channels are
needed for the oscilloscope. The 35-channel system uses five 8-
channel scope modules to acquire and digitize the data, and while
the increased spatial resolution at high sampling rates is desired, the
cost associated with the data acquisition itself can become prohibi-
tive. Note that this increased cost is solely due to the number of
acquisition channels required; the cost of the linear array photodiode
and electronics required to build the amplifier circuit are on roughly
the same order as purchasing premade photodetectors. Thus, the
prohibitive cost is linked only to the higher number of channels of
data acquired, which remains a limiting factor for any method of
increasing the number of measurement data points.
A final option that has been explored is to use high-speed cameras

for multipoint acquisition. High-speed camera acquisition has found
use particularly with DOE-based FLDI systems [33,59,60,77,
81,127,128], microlens array-based FLDI systems [94], and spatial
light modulator FLDI systems [78] due to their larger separation
between individual beams as compared with the cylindrical lens-
based FLDI systems. This beam separation allows for isolation of
individual beams on the camera sensor and in images during post-
processing. Cameras allow for high spatial resolution measurements
at the expense of sampling rate; there is a tradeoff required between
the number of pixels in the images and the framing rate of the
camera. Furthermore, cameras tend to have limited bit depth, which
can reduce sensitivity to small changes in intensity.

H. Parallel Beam Propagation

If a multipoint FLDI system is assembled to make convective
velocity measurements, care must be exercised to ensure that the
multiple points propagate parallel through the test section. A sche-
matic of both a parallel and nonparallel two-point FLDI system is
shown in Fig. 27, where only the pitch side of the system up to the
focus plane is visible. In the top schematic, a parallel beam propa-
gation system is depicted. The beam expander (BE) first focuses the
laser beam and then expands it, and the first Wollaston prism (W1) is
used to split the beam into two separate measurement beams. A lens
(L) then focuses the two beams (red, blue) down to a focus inside

the second Wollaston prism (W2), where W2 splits each of the two
measurement beams into the closely spaced orthogonal polarization
beams (depicted with appropriately colored solid lines), as they pass

through to the field lens (FL). Because W2 is located at the focal
point of FL, the two measurement beams propagate parallel to one
another through the test section, and the orthogonally polarized
beams within each multipoint beam also propagate parallel to each
other.
In contrast, the bottom schematic in Fig. 27 depicts a nonparallel

multipoint FLDI arrangement, where the only difference from the

Fig. 26 FLDI beam array in the shape of a circular ring with a central
point, demonstrating arbitrary beam array creation from the SLM [78].
Reproduced with permission from [78], ©2023, Optica Publishing
Group.

Fig. 27 Two-point beam propagation using a parallel beam arrange-
ment (top) and a nonparallel beam arrangement (bottom).
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top schematic is that the lens (L) has been removed. Here, the
focusing and expanding beam from the BE is split into the two
measurement beams (red and blue regions) at W1 and continues
expanding toward W2, where each measurement beam is split into
its orthogonal polarization components. Because the W2 is located
at the focal point of the FL, the orthogonal polarization components
(colored lines) traverse the test section parallel to each other, but
because the splitting point of the two measurement beams occurred
at a distance farther from the focal point of the FL, the beams do not
run parallel through the test section and are instead angled with
respect to each other and the flow. This can impart a bias in the
convective velocity measurement since the offset between the two
measurement beams changes, which is a critical component of the
velocity calculation (i.e., the dx in v � dx∕dt). If the FLDI operated
as an ideal point measurement exactly at the focus plane, this would
not be an issue, but because the sensitivity region depends on the
FLDI system’s optics and the flow that is being measured, it can be
difficult to account for this bias in the beam spacing.
There are several options for ensuring parallel beam propagation

through the multipoint FLDI system, some of which were outlined
in Sec. IV.A. The first is through the use of either a Koester prism or
a Nomarski prism, since these cross the split beams outside of the
prism and can be made to cross at the Wollaston prism (W2 in
Fig. 27). Because the laser beam must be coupled into the Koester
prism at an angle, this option is more complicated to use than the
Nomarski prism, which allows the incident laser to be aligned with
the optical axis of the FLDI system [44,45,118]. The Nomarski
prism has also been used with cylindrical lenses to make multipoint
measurements since the cylindrical lenses only affect the focusing in
one direction [47,48,50]. The operation of the Koester and Nomar-
ski prisms can be thought of as a single optic that achieves the same
result as using a Wollaston prism followed by a focusing lens (as
shown in the top schematic of Fig. 27). The diverging beams from
the exit of the Wollaston prism are focused by a positive lens such
that the focus point coincides with the last Wollaston prism, a
method that has also been used to ensure parallel beams across
the test section [40,92]. Note that the focusing lens method can also
be used with systems that employ a DOE to split the incident beam
into a one-dimensional (1D) or two-dimensional (2D) grid of
beams, as mentioned in Gragston et al. [33].

V. Applications of FLDI for Flow Measurements

In this section, a few examples of FLDI use in measuring various
flowfields are presented to provide context to the overall capability
of the instrument, including laminar and turbulent jets (Sec. V.A),
transitional and turbulent boundary layers (Sec. V.B), wind tunnel
freestream fluctuations (Sec. V.C), and reacting, high-temperature
flows (Sec. V.D).

A. Jets

Laminar jets have been used to help characterize FLDI perfor-
mance. Schmidt and Shepherd [96] developed a ray-tracing method
for studying FLDI (see Sec. III), which they validated with a laminar
argon jet. Running both an experiment and a simulation with FLDI,
they compared the measured and computed beam phase change
(Δϕ) values and found excellent agreement. Lawson et al. [104] also
used a laminar jet to compare experimental and computational FLDI
performance. A helium jet was used, with experimental measure-
ments made simultaneously by both an FLDI system and a Mach–
Zehnder interferometer, and simulations of the generated flowfield
were used to understand the spatial characteristics of FLDI to
validate the computational model.
Narrow-diameter turbulent jets have been a canonical flow in the

FLDI literature. They have primarily been used to probe the FLDI
sensitivity region [19,39,49,79]. These types of experiments have
generally been designed similar to the description shown in Figs. 3
and 13. The FLDI response from the jet at each station along the
optical axis is recorded, and the RMS of the response is plotted as a
function of z (such as in Figs. 3 and 14). Turbulent jets provide a
generic dynamic broadband input for the FLDI, and the resulting

function of FLDI response at each z position provides a simplified
understanding of how well the FLDI suppresses signals away from
its foci.
In addition, turbulent jets have been used to provide a well-

documented flowfield for FLDI calibration [24,74,75,99]. With
well-defined descriptions of their density fields in the literature,
researchers were able to convert the directly measured beam phase
change values to dimensional or normalized density fluctuations.
Figure 28 shows a comparison of FLDI transfer functions applied to
turbulent jet spectra.
There have been a few cases of turbulent jets being used to test

other aspects of FLDI. In 2017, Ceruzzi and Cadou [41] used a
turbulent jet to compare the difference in responses between LDI
and FLDI. Jewell et al. [114] used a jet as a generic flowfield for
two-point FLDI convective velocity estimation. At the same time,
Ceruzzi and Cadou [42] also used a jet for two-point FLDI. Jets that
produce a screech tone have also been used as a test case for new
configurations of FLDI [83,94].

B. Transitional and Turbulent Boundary-Layer Flows

FLDI is well-suited for measurements of transitional and turbu-
lent boundary layers due to its high response rate and ability to
resolve small-scale fluctuations. Turbulent boundary layers have
characteristic frequencies that scale as fc ∼Ue∕δ, and for high-

speed flows Ue is O�103m∕s� with δ being O�10−3 m�. Thus, a
megahertz sampling rate or higher is desirable for studying these
flowfields. Transitional boundary layers follow similar scaling rela-
tions, and much of the recent work with FLDI has been oriented
around quantitatively measuring instabilities in transitioning hyper-
sonic boundary layers [21,44,45,50,61,65,82,119,125,127,129,130].
Parziale et al. [18] used FLDI to measure the second-mode

instability on a 5 deg cone in the CalTech T5 shock tunnel, which
revived interest in FLDI for studying high-speed transitional boun-
dary layers. An example of the measurement and comparison of
results to linear stability calculations from that work is provided in
Fig. 6. The measurements showed that the second-mode instability,
a dominant instability mechanism in hypersonic laminar boundary
layers, can be measured with FLDI. Since then, FLDI has been used
reliably to measure the second-mode instability [44,45,50,82,125,
129,130] in a number of flows with various wall temperature con-
ditions and total enthalpies.
Figure 29 shows work by Siddiqui et al. [119], which explored

how FLDI measurements in two transitional flows correlated to
surface heat transfer information, another common means used to

Fig. 28 Results from Hameed and Parziale [99] showing 1D energy
spectra of the density fluctuations for an experiment performed with a
round turbulent jet, corrected by transfer functions for disturbance
fields as labeled. Reproduced with permission from [99], ©2022, AIAA.
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study transitional flows. The results show that even in non-second-
mode-dominated transition, FLDI can provide quantitative informa-
tion about the flow conditions. Specifically, it shows that the
increase in density fluctuation amplitudes detected by FLDI was
consistent with a simultaneous increase in surface heat transfer
during transition. Several authors [65,125,129,131] have also shown
that FLDI is capable of resolving wall temperature effects on
boundary-layer transition as well.

While surface pressure sensors can provide information about
instabilities associated with high-speed boundary-layer transition,
such sensors are limited to measurements at the surface, whereas
FLDI is capable of probing off-body positions. This was used by
Benitez [132] to observe and study instabilities in the shear layer at
different wall-normal heights near a compression surface. The results,
shown in Fig. 30, demonstrate the utility of off-body measurements
for understanding flow dynamics. This type of measurement has also

Fig. 30 Results from Benitez [132] showing fluctuation spectra and RMS magnitudes from FLDI measurements at different wall-normal positions in
the reattached boundary layer on a cone-cylinder-flare geometry in Mach 6 flow. Reproduced from [132] with permission of the author.

Fig. 29 Results from Siddiqui et al. [119] showing power spectra from FLDI in a transitional boundary layer and how the mean amplitude of density
fluctuations in different frequency bands evolves in comparison to 1D heat flux determined from IR thermography. Reproduced with permission from
[119], ©2023, Springer-Verlag GmbH.
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been shown to reveal fluctuations in both the shear and shock layers
using LA-FLDI for a cone-flare configuration [128].
FLDI has also been applied for measurements of compressible

turbulent boundary layers [34,59,68,72,92], with spectra similar to
those shown in Fig. 29 providing details about fluctuation content.
In such flows, measurements of disturbance convective velocity are
also quite common. Figure 31 shows results from Ceruzzi et al. [72]
comparing a Mach 2.7 turbulent boundary-layer convective velocity
profile from two-point FLDI measurements with other measurement
techniques and calculations.

C. Wind Tunnel Freestream Turbulence

FLDI is a good candidate for characterizing freestream turbulence
or “tunnel noise” because it is sensitive enough to detect the
relatively weak fluctuations (typically p 0∕p∞ < 0.05) and it has
the ability to spatially filter the relatively stronger shear and boun-
dary layers near the sidewalls and windows of the facility. As
discussed in the introduction, Parziale et al. [20] were the first to
demonstrate these measurements in Caltech’s T5 facility, where
Fig. 4 shows a sample of the spectra measured. Not long after,
Fulghum [24] and Settles and Fulghum [133] characterized free-
stream turbulence in Penn State’s supersonic tunnel as well as in
Arnold Engineering Development Complex Hypervelocity Wind
Tunnel 9 (AEDC T9). They introduced methods for simulating
the FLDI’s response and suggested that the low-wavenumber spec-
tra would be contaminated by signals from sidewall boundary
layers. Birch et al. [27] demonstrated this low-wavenumber con-
tamination experimentally by using shrouds to shield the beams
from the sidewall turbulence in the University of Southern Queens-
land’s Mach 6 facility (TUSQ). Spectra measured with and without

the shrouds were in agreement only for k > 103m−1, and
f > 200 kHz. Lawson and Austin [134] investigated the effects of
gas composition and sound speed on freestream disturbances in
Caltech’s Hypervelocity Expansion Tube (HET), testing the acous-
tic theories of Paull and Stalker. Ceruzzi et al. [73] used a two-point
FLDI to measure both spectra and disturbance velocity in the free-
stream of AEDC T9’s newMach 18 nozzle. Gillespie et al. [35] took
this setup a step further by employing a three-point FLDI to measure
correlations along streamlines and Mach lines simultaneously in the
freestream of the University of Maryland’s HyperTERP reflected
shock tunnel.
The sensitivity and spatial resolution to freestream turbulence

were investigated computationally by Benitez et al. [106]. Ceruzzi
[110] suggested an updated method for modeling and predicting
the useful bandwidth of freestream measurements, an extension of
the methods first suggested by Fulghum [24]. A consequence of the
bandwidth restriction is that FLDI cannot directly measure a full
spectrum for computing the overall percentage “tunnel noise,” and
some other measurement or modeling is required to capture the

low-frequency spectra. This was demonstrated by Lawson et al.
[105], who combined FLDI with Pitot probe measurements to
reproduce the full freestream spectrum in VFK wind tunnel D—a
selection of these spectra are replotted in Fig. 32. The plotted spectra
have been transformed from the raw data using transfer functions
that account for the inclination angle of freestream acoustic waves.
Accurately predicting inclination angles is important because the
sensitivity of the transfer functions to inclination angle is large
[135]. Recently, Ceruzzi et al. [112] demonstrated a possible
method for directly measuring these inclination angles using multi-
point FLDI in the University of Oxford’s High Density Tunnel
(HDT); a schematic of the multipoint arrangement and a snapshot
of the results are shown in Fig. 33, with comparison to historical
hot-wire measurements [136] and computational studies [137] of
acoustic waves radiating from flat plates.

a)

b)
Fig. 32 Comparison of converted FLDI (>30kHz) and Pitot (<15kHz)
spectra for all conditions within VKF Wind Tunnel D Run 186:M∞ � 4
using the a) absolute pressure and b) relative pressure. Dashed lines

indicate power-law extrapolations beyond the useful bandwidth of each
instrument. Reformatted using data from Lawson et al. [105], courtesy of
J. M. Lawson.

Fig. 31 A plot of a Mach 2.7 turbulent boundary-layer velocity profile obtained from FLDI by Ceruzzi et al. [72] with comparison to various other
methods and computations. Reproduced from [72] with permission of the authors.
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D. Reacting, High-Temperature Flows

FLDI is an appealing technique for reacting flows because it is
completely nonintrusive; thus, it can easily be employed in harsh,
high-temperature environments provided a suitable optical axis.
One challenge is the risk of phase ambiguity, which can complicate
signal interpretation; phase ambiguity arises when large refractive
index gradients cause the interferometer to exceed one interference
fringe (see Fig. 11). As Smeets and George [7] point out, this can
easily be avoided with the choice of beam separation (Δx). Thus, it
is good practice to design an FLDI with sufficiently small beam
separation for reacting flows. As always, it is good practice to
conduct some modeling of the expected signal using the theories
discussed in Sec. III (and references within) prior to designing and
constructing a new FLDI setup.
FLDI’s speed and spatial resolution make it particularly appealing

for applications in small scramjet combustors. Despite this, only two
examples are published to date. Ananthapadmanaban et al. [107]
used FLDI to characterize “noise” spectra in a scramjet combustor
in the T4 Stalker tube at the University of Queensland, and Ceruzzi
et al. [138] used two-point FLDI to characterize velocity profiles in a
vitiated-heated scramjet combustor in the University of Maryland’s
(UMD) propulsion research lab. Figure 34 shows a photograph of
the setup at UMD. Notably, the entire setup, including the laser,
custom Wollaston prisms, and high-speed data acquisition system,
cost less than $10k (USD 2023), which illustrates the relative
accessibility of FLDI compared to more expensive laser diagnostics.
The measured velocity profiles are plotted in Fig. 35. Ceruzzi et al.
[138] employed a form of high-pass filtering to estimate the veloc-
ities for disturbances with wavenumbers greater than 13 mm−1.

These velocities are in good agreement with “deduced velocities”
estimated via other methods, which provides some validation of the
usefulness of FLDI in these types of reacting flows.
Another example of FLDI applied to a high-temperature flow

with thermochemistry is from Dean et al. [87], who investigated
turbulent spectra pre- and post-normal-shock in the Hypervelocity
Expansion Tunnel (HXT) at Texas A&MUniversity. The setup is an
example of how a combined schlieren-FLDI configuration (setup
shown in Fig. 43 and discussed further in Sec. VII.A) can be used to
locate the FLDI probe with respect to an important flow feature
(e.g., the shock). As the authors note, FLDI signals are sensitive to
both density and chemical composition, which hampers the ability
to deduce density-based turbulence intensities in reacting and high-
temperature flows.

VI. Computational and Quantitative FLDI

Computational models of LDI and FLDI have been implemented
to improve understanding of these diagnostics since the late 2010s.
In the mid-2010s, Bisek and Brown [139] numerically replicated
LDI measurements taken of the corner flow of a rectangular Mach
2.2 flow. The first example of FLDI modeling was made in 2013 by
Parziale [19], who averaged and scaled computed eigenfunctions of
the hypersonic second-mode instability about an axisymmetric
model, taking into account the spatial averaging from the FLDI
beams. A more detailed computational FLDI model was developed
when Fulghum [24] utilized transfer functions to analyze the sensi-
tivity of the technique. Settles and Fulghum [25] later used this
methodology to conduct a parameter study to determine the effect of
different FLDI characteristics (such as beam separation or field lens

-0.5 0.0 0.5

-0.5

0.0

0.5

Fig. 33 Freestream wave inclination angles in the University of Oxford’s High Density Tunnel (HDT) measured using cross-correlation between
multipoint FLDI probes. The flat-plate data from Laufer [136] and Duan et al. [137] have been adjusted by 7 deg to account for the inclination angle of

the nozzle where the waves in the HDT test section are expected to originate. Reproduced from [112] with permission from the authors.

Fig. 34 Photograph of two-point FLDI probing a scramjet combustor at UMD’s propulsion research lab [138]. Reproduced from [138] with
permission from the authors.
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focal length) on the overall performance of the FLDI. An even more
sophisticated model of FLDI was developed by Schmidt and Shep-
herd [96] around the same time. They used a ray-tracing method that
traversed a predetermined density field to yield a computed FLDI
measurement. This method agreed well with laminar jet experiments
as well as analytical transfer function solutions given the same
sinusoidal flowfield. It was later extended independently by Bathel
et al. [48], Lawson and Austin [108], Benitez et al. [106], and
Camillo and Wagner [93] to use CFD-computed flowfields in the
simulations. Since then, several additional numerical FLDI studies
have been conducted to better comprehend the benefits and limi-
tations of the diagnostic [92,109,111].

A. Ray-Tracing Model

Schmidt and Shepherd [96] developed the first optics-based
model of FLDI performance, which was tested against analytic
solutions (the transfer functions) as well as experiments (the vali-
dation experiments are discussed in Sec. III.D). The computational
FLDI model utilized a ray-tracing methodology to estimate the
FLDI signal at the photodiode. The comprehensive numerical
implementation details can be found in several works [96,97,109].
The total phase shift induced by a specific refractive index field,
expressed in Eq. (11), can be reformulated and simplified to:

Δϕ � 2Kπ

λ0 z D
ρ�x� Δx∕2; y; z�

− ρ�x − Δx∕2; y; z� I0�r; θ� dr dθ dz (31)

This equation can be computationally solved for any given density
field, ρ�x�. In cases of time-dependent density fields, the equation
can be iterated for each time step to obtain a time-resolved phase
shift series, Δϕ�t�. Equation (31) forms the foundation for a major-
ity of computational FLDI techniques discussed in the literature.
The FLDI beams are generally discretized across both the profile

plane and the optical axis. Each beam profile is defined by hundreds
to thousands of points, usually split evenly in angle and clustered
around the centroid in radius (see Fig. 36). Each of the two beams of
the FLDI has the same grid along its own path through the flow so
that the density difference is found for each point along the grid.
These differences are integrated per Eq. (31) to determine the
computed FLDI signal.

B. Transfer Functions

Transfer functions, which are useful for validation of computa-
tional studies, are derived from the ray-tracing model, i.e., from
Eq. (11) or Eq. (31). As discussed in Sec. III.B, there are two key
aspects of an FLDI that distinguish it from an idealized, infinitesi-
mally thin line measurement system: the finite separation between
the two beams and the finite dimensions of the beam profiles
[75,96,99,101,109]. These two features can be isolated to look at
the effect of each independently when deriving a transfer function

for an FLDI system. The definitions for the beam separation and
profile effects for a 2D sinusoidal signal centered at the foci propa-
gating in the x direction with uniform magnitude along the optical
axis are found by evaluating the integral in Eq. (21), where n 0�z� �
1 from −Lz to �Lz and zero elsewhere. The magnitudes of the
resulting transfer functions are

HΔx � sin
πΔx
λx

(32)

Hw � w0λx 2π
p

2Lzλ0
exp −

w2
0π

2

2λ2x
erf

Lzλ0 2
p

2w0λx
(33)

where λx is the wavelength of the disturbance, λ0 is the wavelength
of the laser, and Lz is the half-width (along the optical axis) of the
sinusoidal signal. To convert to frequency space from wavelength
space, the convective velocity uc can be used to transform the
disturbance wavelength to signal frequency (f � uc∕λx). These
equations have been derived by various methods in previously
published literature [24,73,96,99,101]. In addition to these two
equations, some FLDI sensitivity studies have gone further by
introducing a transfer function for the flowfield as well, such as
when a narrow-diameter turbulent jet is probed [75]. Others have
extended these functions by moving to higher-dimensional sinusoi-
dal signals with arbitrary orientations [99,101].
To capture the effects of both aspects of the nonideal FLDI, the

transfer functions can be multiplied, as in Eq. (34).

H � HΔxHw (34)

Fig. 36 Example polar coordinate FLDI beam profile grid with 180
azimuthally distributed points and 363 radially distributed points.

Reproduced with permission from [109], ©2023, AIAA.

a) Single injection b) Distributed injection

Fig. 35 Two-point FLDI axial velocity profiles, uc, in a scramjet combustor [138]. “Deduced velocity” is found from a combination of pressure

measurements, chemiluminescence, and quasi-1D flow analysis. Reproduced from [138] with permission from the authors.
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The contribution from each transfer function and the overall transfer
function, H, are displayed in Fig. 37. From this plot, it can be seen
that the finite spacing between the beams, the effect of which is
captured by HΔx, leads to both a low-frequency roll-off as well as
narrowband signal drops at discrete frequencies. The wavelengths of
these local minima are defined by Eq. (35), while the local maxima
are defined by Eq. 36.

argmin
λs

HΔx �
Δx
n

∶n ∈ Z� (35)

argmax
λs

HΔx �
2Δx
2n − 1

∶n ∈ Z� (36)

These outcomes are logical when imagining two points along a
sinusoidal curve, as is the case here given the sinusoidal signal
assumption. The finite beam profile size, with effects captured by
Hw, leads to a roll-off of the higher frequencies. This property
essentially acts as a low-pass filter. By combining both effects,
signal suppression can be seen at both lower and higher frequencies,
along with signal drop-outs at submultiples of the beam spacing. In
practice, experimenters should choose a sufficiently small beam
spacing such that these signal drop-outs are not encountered in their
bandwidth of interest. Evidence of these drop-outs is seen in Fig. 16
of Maszkiewicz et al. [89], for example.
Note that there is a discrepancy in the definitions of HΔx between

different references. Fulghum [24], Schmidt and Shepherd [96], and
Hameed and Parziale [99] utilize a sinc�� function for this term,
while Ceruzzi et al. [73,101,109] and Benitez et al. [111] use a sin��
function. This difference is not an error between sources but instead
a difference in definitions. It stems from the former authors defining
the transfer function as H � �max j�ΔΦ∕Δx�j�∕�dΦ∕dx�x � 0,
which is a ratio between derivatives, and the latter authors using
the transfer functions to “un-do” the differentiation performed by
the instrument in order to recover a scalar quantity. By converting
from a derivative using the derivative property of the Fourier trans-
form (Ff∂f∕∂xg � ikFffg), an extra k is introduced, resulting in
the sinc�� function. Lawson and Austin [102] provide further details
on the equivalency between the various transfer function methods.

C. Computational FLDI Applications

Without underlying assumptions of the base flowfield, the optical
model allows for FLDI simulations of more complex and realistic
situations. Independent computational FLDI models have been
coded by different researchers and applied to a variety of flowfields
to better understand the parameters affecting the performance of the
diagnostic.
Schmidt and Shepherd [96] developed the first optics-based FLDI

model and applied it to analytic approximations of several different

flowfields. Sinusoidal waves of different spans were compared to
analytical transfer functions to determine how well the optics-based
simulation captured the FLDI effects of finite beam separation and
beam width. They found excellent agreement between the transfer
function response and the output of the higher-fidelity simulation. A
laminar jet and a second (Mack) mode wave packet were also tested.
The second-mode instability is a common hypersonic boundary-
layer instability for slender geometries at 0 deg angle of attack. It has
peak frequencies generally in hundreds of kilohertz but can extend
up to the megahertz range. FLDI is one of a small subset of
measurement techniques that can capture such high frequencies.
Utilizing their ray-tracing FLDI computational methodology,
Schmidt and Shepherd found that it was possible to obtain quanti-
tative measurements from FLDI of density change between the two
beams by carefully selecting a scaling factor that acts as an integra-
tion length and avoiding wavenumbers where the signal is filtered.
Schmidt and Shepherd’s method of using only analytical flow-

fields was extended by Bathel et al. [48] and Lawson and Austin
[108] to use CFD or experimental flowfield data. Bathel et al.
compared two-point and line FLDI measurements of an expanding
shock wave from a laser-induced spark breakdown with the ray-
tracing FLDI method, which used CFD simulations of the flowfield.
Lawson and Austin [108] utilized a computational FLDI model to
study the diagnostic response to a complex shock-dominated flow
[108]. They applied the ray-tracing FLDI method to an analytically
defined shock flow, producing quantitative results that agreed well
with experiments. They then extended their validation study to look
at the FLDI response to multiple shock reflections, utilizing a
coupled CFD code to simulate this more-complex flow. Their
results, reproduced in Fig. 38, showed the benefit of using higher-
fidelity data (via CFD or experiments) to quantify FLDI with the
optics-based code.
Benitez et al. [106] simulated an FLDI response to a high-fidelity

tunnel-wall turbulent boundary layer (Fig. 39) to understand how
well the diagnostic suppresses such signals away from a signal of
interest. By running a ray-tracing FLDI simulation through a flow-
field that included the DNS-created turbulent tunnel-wall boundary
layers separated by the diameter of the actual tunnel, they found
that the FLDI-simulated freestream measurement comes to roughly
4–5 times the true freestream fluctuations, although this variation
was not as pronounced at higher frequencies. Benitez et al. also
added a small (0.05–5% of the mean density) sinusoidal signal
along the tunnel centerline position; this signal was successfully
measured over the noise of the boundary layers in most cases (which
have an RMS of 12% of the mean density). Therefore, while FLDI
does not completely suppress tunnel-wall boundary-layer signals,

Fig. 38 Comparison between experimental data and a coupled

AMROC/FLDI simulation of the shock reflection flowfield in HET.
Reformatted using data from Lawson and Austin [108], courtesy of
J. M. Lawson.
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Fig. 37 Example FLDI transfer functions with Δx � 150 μm,
w0 � 5 μm, λ0 � 633 nm, and uc � 860 m∕s. Reproduced with per-
mission from [111].
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it suppresses them enough to allow for clear measurements of
centerline signals to be made.
Camillo and Wagner [93] computed FLDI responses to circular

symmetry flowfields for the purpose of reconstructing pressure
waveforms. They conducted a parametric study of a weak blast
wave emanating from an electric spark plug, studying both exper-
imental and computational FLDI responses with differing beam
separation distances and probe locations relative to the wave source.
Provided that the beam separation is kept below 20% of the flow-
field characteristic length, peak pressure values can be accurately
measured (within 10% of predicted values).
Lawson et al. [104] and Benitez et al. [109] used laminar and

turbulent jets, respectively, to help understand how FLDI parameters
impacted the sensitivity of the diagnostic. Lawson et al. [104]
conducted both a thorough experiment probing the FLDI sensitivity
region with a laminar jet and a simulation of the results using the
experimental data to generate an index of refraction field to input to
the FLDI simulation. Benitez et al. [109] utilized an LES turbulent
jet to probe a simulated FLDI and compared the response to a prior
experiment [49]. They confirmed findings that the FLDI response
varied with signal wavelength, with a wavelength of two times the
beam separation maximizing the measurement amplitude. However,
they showed that the frequency, when independent of wavelength,
had no impact on the FLDI response as long as it remained below
the photodetector low-pass filter cutoff. For FLDI parameters, a
smaller beam spacing and larger beam profile diameter away from
the foci tended to contribute to a shorter FLDI sensitivity length.
Camillo et al. [92] conducted a thorough numerical FLDI analysis

of a hypersonic turbulent boundary layer along a cone and provided
excellent comparisons to experimental data (see Fig. 40). They

took experimental boundary-layer measurements and conducted
a high-fidelity DNS of a 7 deg half-angle cone at M∞ � 7.4 and

Re∞ � 4.2 × 106 m−1. By simulating the FLDI signal through the
DNS results, they were able to show excellent agreement between
the experimental and computational density fluctuations for
frequencies between 160 kHz and 1 MHz.
Benitez et al. [111] also computed FLDI responses to a turbulent

hypersonic boundary layer along a cone (a Mach 8, 7 deg cone
previously used in an experiment at Sandia HWT-8). This work
focused on understanding the effects of small-scale structures on
FLDI performance; smaller flow structures were found to signifi-
cantly impact FLDI signal roll-off and RMS amplitudes. This work
also included a parametric study that showed that circular, Gaussian
beams with smaller widths improve performance, and beam-
splitting direction could be used to help measure turbulence isotropy
scales. Additionally, a direct comparison between ray-tracing FLDI
codes independently developed in Camillo and Wagner [93] and
Benitez et al. [106] showed excellent agreement despite differences
in grids and preprocessing.
Computational studies on DNS of individual hypersonic

boundary-layer waves have also been conducted for the oblique
first-mode instability [140], the planar second-mode instability
[141], and mixed-mode cases that include both [142]. For oblique
waves, it was found that the FLDI measurement underestimated the
true density fluctuation amplitudes at the foci, while for planar
waves it overestimated them. With both modes present, the planar
second mode dominated the resulting FLDI measurement, regard-
less of which instability had the higher true amplitude. These small
but detailed DNS density fields were also used to better understand
the effect of modifications in experimental setups [140] and com-
pare the different quantitative methods of converting beam phase
change to density fluctuations [141,142]. The second- and mixed-
mode flowfields were also computationally probed with a two-point
FLDI setup, allowing for analysis of how accurate the diagnostic is
at measuring convection velocity of a disturbance.

VII. Specialized FLDI Configurations

A number of specialized FLDI setups that provide some enhanced
capability or integrate additional diagnostics have been developed.
These include integrating simultaneous schlieren imaging capabilities
(Sec. VII.A), modifying beams for propagation through curved win-
dows (Sec. VII.B), utilizing multiple laser wavelengths to distribute
beams along the beam axis (Sec. VII.C), using a Mach–Zehnder
interferometer either as a separate validation or as an integral part
of the FLDI system (Sec. VII.D), using a tunable laser diode to
measure gas absorption in addition to the interference signal
(Sec. VII.E), and other miscellaneous configurations (Sec. VII.F).

A. Combined FLDI and Schlieren Imaging

Flowfield visualization through the use of schlieren imaging has
been a ubiquitous test technique, used at nearly every wind tunnel
facility that possesses the required optical access. Although methods
of increasing the spatial resolution of the FLDI technique have been
ongoing (see Sec. IV), it remains a low-spatial-resolution measure-
ment compared with schlieren imaging, and many test campaigns
utilize both FLDI and schlieren measurements to supplement each
other. It is difficult to accommodate both measurements at the same
time for the same flow of interest due to the physical footprint of
both systems. Bathel et al. demonstrated an approach to integrate
conventional schlieren imaging into an FLDI system, shown sche-
matically in Fig. 41a [28]. This setup uses dichroic mirrors to couple
the schlieren pulsed LED light onto the FLDI optical axis and
utilizes the existing field lenses of the FLDI system to collimate
and refocus the light, akin to a typical lens-based conventional
schlieren system. Counterpropagation of the light from the FLDI
and schlieren systems ensured the highest quality data and images,
unaffected by the other measurement technique. A similar collinear
technique that couples a self-aligned focusing schlieren (SAFS)
system into the FLDI instrument was demonstrated by Weisberger
and Bathel [52], shown schematically in Fig. 41b, where the SAFS

Fig. 40 PSDs comparing computed FLDI signal with experimental
data for a hypersonic turbulent boundary layer. Reproduced with
permission from [92].

Fig. 39 Computational setup for estimating the effects of hypersonic
turbulent boundary layers along a wind tunnel on a centerline meas-
urement. Reproduced with permission from [106], ©2022, Optical Pub-
lishing Group.
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system light travels in both directions along the optical axis. Multi-
ple experiments in Ref. [52] were performed to ensure that the
addition of the dichroic mirrors had no influence on the FLDI signal,
that the angle of the dichroic mirrors had no influence on the FLDI
signal, that the direction of the SAFS coupling into the FLDI system
had no influence on the FLDI signal, and that the placement of the
dichroic mirrors relative to the Wollaston prisms had no influence
on either system. By using a focusing schlieren system instead of a
conventional schlieren system, the two measurements can be accu-
rately compared, since both exhibit a filtering effect of flow struc-
tures away from the intended plane of focus.
The conventional schlieren and FLDI system from Fig. 41a was

used to make measurements of the flow around a Pitot probe in a
Mach 6 wind tunnel, an image of which can be seen in Fig. 42a,
where the FLDI measurement point is identified near the center of
the field of view. A large intensity spike in the FLDI voltage data
was determined to be from a particle impact on the Pitot probe face
that disturbed the bow shock, a flow feature that would otherwise
not have been able to be identified without the combined imaging
capability. An image of the acoustic radiation field from a com-
pressed air jet using the FLDI/SAFS system of Fig. 41b is shown in
Fig. 42b, with the FLDI measurement point shown schematically in
red. Using a spectral processing analysis, the dominant acoustic

frequency of the jet could be compared between the FLDI
and SAFS.
A configuration similar to Ref. [28] was used in Refs. [80,91,143],

where the dichroic mirrors were placed between the field lens and
Wollaston prism, and the light propagation for both FLDI and
schlieren systems was in the same direction. This allowed a small
portion of the FLDI light to be incident on the schlieren image for
precise placement, but care must be taken not to burn the camera
sensor with the laser light and also to avoid having the schlieren
light incident on the FLDI photodiodes, especially if using intense
pulsed light. Options for mitigating this effect include optical filter-
ing in front of the photodiodes and timing the FLDI and schlieren
acquisition in offset periods. Identifying the position of the FLDI
beams in Ref. [28] was accomplished after a run, where a diffuse
target was placed at the FLDI beam focus and imaged by the
schlieren camera. Further details of the differences between these
systems can be found in Ref. [52].
An alternative approach to combined FLDI and schlieren imaging

appears in the work by Dean et al. [87], which is illustrated sche-
matically and with pictures in Fig. 43a. The FLDI was arranged in a
Z-type configuration like the mirror-based schlieren setup, and
dichroic mirrors were used to couple the FLDI light into and out
of the schlieren beam path, enabling simultaneous FLDI measure-
ments and schlieren imaging of the same region. This approach,
coupling the FLDI system onto the optical axis of the schlieren
system instead of the other way around, allows the typical large
schlieren mirrors to be used to obtain a larger field of view than
would be obtained using FLDI lenses, which are generally only a
few inches in diameter. In a later form of the same experiment, Dean
et al. [87] arranged the FLDI light source to allow for viewing of the
points on the schlieren imaging camera, as shown in Fig. 43b. The
viewing of the points could be controlled by adding or removing an
appropriate optical filter in front of the camera, with imaging of the
FLDI points done prior to the run and added via image combination
in postprocessing.

B. FLDI Through Curved Windows

Most wind tunnel facilities have flat, schlieren-grade windows to
provide optical access to the test section. These windows pose little
problem for the typical FLDI system aside from shifting the beam
focus farther from the field lens depending on the thickness of the
window, which can be accounted for in the system alignment.

Fig. 41 Schematics of the a) collinear FLDI and conventional schlieren from Bathel et al. [28] and the b) collinear FLDI and self-aligned focusing

schlieren fromWeisberger and Bathel [52]. Reproduced with permission from [28], ©2021, IOP Publishing and [52], ©2023, Optica Publishing Group.

Fig. 42 a) An image from Bathel et al. [28] showing a conventional
schlieren image acquired through the FLDI system lenses per the setup
in Fig. 41a. The image was taken in Mach 6 flow conditions in a NASA
facility. b) Image from Weisberger and Bathel [52] of self-aligned

focusing schlieren image of a compressed air jet with FLDI measure-
ment point identified with red dot. Reproduced with permission from
[28], ©2021, IOP Publishing and [52], ©2023, Optica Publishing Group.
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Smeets noted that not every facility would have parallel windows,
with some test chambers having inclined windows (as shown in
Fig. 5 of Ref. [6]). As long as these inclined windows are flat, they
too pose minimal problems for FLDI systems. However, some
axisymmetric wind tunnels have matched contoured windows that
allow for optical access for nonintrusive measurement techniques.
These contoured windows act similarly to lenses and can present
significant difficulty in utilization of FLDI for flow measurements.
This problem was first discussed and addressed by Benitez et al.
[49] when attempting to apply FLDI to the Boeing/AFOSR Mach-6

Quiet Tunnel (BAM6QT) at Purdue University, with the contoured
windows presenting two effects that must be considered. First, the
window’s lensing effect can change the focal point of the FLDI
system and degrade sensitivity and response from the intended probe
region. Second, but related, is the lensing effect displacing the beam
off the intended optical axis via the typical refractive properties of
lenses, which is an effect that depends on the incident position of the
beam on the window and the relative curvature of the window faces.
These two effects are summarized schematically in Fig. 44, where a
Gaussian-profile beam is refracted with a reshaped profile after it
passes through the lower portion of a contoured window.
To overcome these complications, a pair of cylindrical lenses,

rather than a single spherical lens, can be used as the field lens for
the pitching side of the FLDI. Benitez et al. [49] implemented such a
setup by utilizing the ray-tracing software Zemax™ to first simulate
the beams as they traversed through the FLDI optics and the
contoured window. Figure 45 shows a screenshot of the Zemax™
simulation setup, focused on the region near the pitch-side window.
By digitally selecting different lenses and shifting their relative
positions, they were able to create a configuration that focused the
FLDI beams at the centerline of the tunnel with approximately
circular foci. Since the windows were nearly cylindrical, shifting
the horizontally focused cylindrical lens (L2) in the vertical direc-
tion (h1) resulted in a vertical shift of the foci by a different amount
(h2). This distance was calibrated at the FLDI installation to allow
for a known vertical traversal of the beams to be made through the
boundary layer of a model.

Fig. 45 Simulation of FLDI beams made in Zemax™ to design an optical setup compatible with contoured tunnel windows [49]. Reproduced with
permission from [49], ©2021, AIAA.

Fig. 43 a) An illustration of the setup used by Dean et al. [87] showing a Z-type setup of FLDI and mirror-based schlieren imaging, using conventional

schlieren mirrors rather than FLDI lenses. b) An image from the experiment showing several FLDI beams in a schlieren image, which appear as dark
spots due to postprocessing.

Fig. 44 Illustration of two effects a contoured window has on a circular

beam. The beam is displaced in relative position, and its profile is no
longer Gaussian after passing through the contoured window, which
acts like a cylindrical lens that transforms the circular beam into an
elliptical beam.
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Images of the FLDI beam foci are shown in Fig. 46, where the
small-diameter, tightly focused beams of the traditional FLDI sys-
tem are shown in Fig. 46a, and the focused beams from the con-
toured window system are shown in Fig. 46b. While the quality of
the beams is degraded from the traditional FLDI system, two
separate beams are visible, and extensive testing of the system
installed at the BAM6QT was performed and reported in Ref. [49].
Characterization testing included pure sine-tone frequency measure-
ments and sensitivity response to a jet traversing along the optical
axis of the system, with comparisons to the traditional FLDI system.
Measurements were then performed using a seven-degree straight
cone model with a sharp nose tip, making measurements of second-
mode disturbances in both conventional-noise conditions and under
quiet-flow conditions.

C. Chromatic FLDI

As discussed in Sec. IV, multipoint FLDI techniques enable
additional measurements of dynamics through correlation analyses.
In that discussion, the multipoint FLDI configurations resulted in
beams that were distributed to different points in the same approxi-
mate focal plane, spaced equidistant between the pitch and catch
sides of the FLDI system, at the same plane along the optical axis. In
order to achieve spatial separation along the optical axis, Webber
et al. [71] developed an FLDI system that uses two wavelengths of
light and takes advantage of the different focusing distances of a lens
that is not designed to be achromatic (with further testing performed
in Ref. [70]). That is, for a simple lens, the wavelength dependence
of the index of refraction n�λ�, the chromatic dispersion, results in a
focal length that is wavelength-dependent. Using the lens maker’s
equation for thin lenses, the following equation models this effect:

f�λ� � fD
nD − 1

n�λ� − 1
(37)

This equation relates the focal length f�λ� of a thin lens at wave-
length λ to the design focal length fD and index of refraction nD.

This equation can be used in matrix optics calculations to predict
how one wavelength of light is focused compared to another.
Based on Eq. (37) and using two laser beams of sufficiently

different wavelengths in the FLDI setup, Webber et al. [71] achieved
focused beams at two different locations along the optical axis. A
schematic of the chromatic FLDI system is shown in Fig. 47, where
green (532 nm) and red (632 nm) lasers were used as the different
wavelength sources. The two beams were made collinear on the
optical axis by the use of a longpass dichroic mirror. A two-point
system was constructed by including an additional larger splitting
angle Wollaston prism ahead of the typical Wollaston prism (dis-
cussed in more detail in Sec. IV.A). Care must be taken when
aligning the catch side of the system, because due to the different
focusing points along the optical axis, the catch-side field lens (9 in
the schematic of Fig. 47) will focus the beams to different positions.
This affects the overlapping of the beams at the catch-side Wollaston
prism. To mitigate this effect, an achromatic lens was used for the
catch-side field lens in order to not further shift the focus of the two
wavelengths.
Images of the dual-wavelength beam focusing at different posi-

tions along the optical axis are shown in Fig. 48. At 416 mm, both
beams are still focusing down but have different diameters. As the
distance along the optical axis increases, the green beams come to a
focus first, and then, a short distance later, the red beams come to a
focus. The separation distance of the two focusing spots was
measured to be approximately 8 	 1.4 mm, close to the calculated
expected value of 7.6 mm. Testing of the system demonstrated that
both beams function as an FLDI instrument despite the slight
asymmetry in the setup introduced by the focal points on either
side of the most optimal location halfway between the field lenses.
Demonstrations of the system included measurements in a turbulent
jet and the measurement of the velocity of a sound wave produced
from a laser-induced spark in air.
This variation of FLDI is still relatively new, but there are

important aspects that should be considered. Webber et al. [71]
point out that despite the spacing of the beams along the axis

Fig. 46 FLDI beam foci for the a) traditional setup (without any windows) and b) the BAM6QT setup (with the Plexiglas contoured windows).
Reproduced with permission from [49], ©2021, AIAA.

Fig. 47 The optical layout used by Webber et al. [71] for a multidepth FLDI that produces additional points along the beam axis. Reproduced with
permission from [71], ©2024, Optica Publishing Group.
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(approximately 8 mm in their work), the path-integrated effects of
the FLDI mean that the beams will all have similar responses to
disturbances, except at higher frequencies. Hence, more separation
is desirable (perhaps by using increasingly dissimilar wavelengths)
or focusing the measurement on disturbances that have very high
frequencies. It is also proposed, but not demonstrated, that the
chromatic FLDI setup could, in theory, be used to determine if a
disturbance was closer to one focal point or the other along the
optical axis if the response of each beam was well understood; this
approach could open up avenues for examining spreading rates in
transitional boundary-layer flows. Finally, because the Wollaston
prisms have slightly different properties at different wavelengths,
the impact of these differences on the measurement can be further
studied, and using achromatic Wollaston prism systems may be
beneficial [144,145].

D. Mach–Zehnder Configuration

Another common interferometric technique for aerodynamic
measurements is a Mach–Zehnder interferometer, where the laser
is split into two separate legs, with the beam in one leg passing
through the test gas of interest before being recombined with the
reference beam. The density changes are measured by finding the
phase differences between the reference and measurement legs
across the beam profile. Lawson et al. used a separate Mach–
Zehnder interferometer positioned with its measurement leg
orthogonal to the optical axis of an FLDI instrument to make
measurements of a laminar jet, with good agreement between the
two measurement systems [31,104]. A nonfocusing LDI system was
supplemented with a Mach–Zehnder interferometer measurement in
Maisto et al. [146].
To allow for fine control over the beam-splitting angle of an

FLDI, Marsh et al. implemented a Mach–Zehnder FLDI configura-
tion [94]. This configuration, shown in Fig. 25, takes the beam-
splitting apparatus from the Mach–Zehnder interferometer and
applies it to FLDI. It improves upon the Sanderson prism configu-
rations by removing the uncertainty added from utilizing bending
stresses to control the beam separation. This configuration also can
be assembled completely using common commercially available

components. Instead of passing through a single birefringent prism,
the light is first focused on a 50∕50 beam-splitting cube, which
redirects two equally intense beams to 45 deg mirrors located 90 deg
from each other. One of the two beams is passed through a half-
wave plate prior to its mirror, making it orthogonally polarized
relative to the other beam. The mirrors redirect the light to recom-
bine at a polarizing beam-splitting cube, which reflects one beam
and transmits the other, sending both through the field lenses
together. The overall beam separation at the FLDI foci is determined
by the path each beam of light follows prior to the polarizing beam-
splitting cube, providing fine control. Further details about the use
of this system are provided in Sec. IV.D.

E. Absorption Laser Differential Interferometry

FLDI measurements are used to make measurements of the small
density fluctuations in a flow. Linking these fluctuation measure-
ments to absolute values of density or pressure can be done, but
typically requires assumptions about the flow and/or measurement
system or additional measurements to reduce the number of
unknowns (methods that are outlined earlier in this document). To
obtain a direct measurement of the flow properties, such as temper-
ature, pressure, species concentrations, and velocity, absorption
spectroscopy can be used, which uses a tunable diode laser to scan
through absorption features of a species of interest. Weisberger et al.
combined an absorption spectroscopy system with an LDI system
(A-LDI) to make simultaneous, collinear measurements of both
mean flow properties and flow fluctuations [53,54]. A tunable diode
laser with a central wavelength of 760 nm was used in place of the
normal fixed-wavelength laser in FLDI systems, which probes the
A-band absorption features of molecular oxygen (O2), making it
particularly well-suited for wind tunnel environments that use com-
pressed, dried air as the test gas. The absorption aspect of the system
can be operated as both a direct absorption spectroscopy (DAS)
measurement for strong absorption signals and wavelength modu-
lation spectroscopy (WMS) for weaker absorption features. The
LDI aspect of the system operates in the same manner as a normal
LDI system.

Fig. 48 Image montage showing multiple focal points along the optical axis, with lasers operating at 532 nm (green) and 632 nm (red) [71]. Reproduced
with permission from [71], ©2024, Optica Publishing Group.
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As with every system, there are benefits and drawbacks that must
be taken into account when deciding whether to implement the
technique. The decision to use O2 as the probing species was
dictated by the highest-concentration test gas in the hypersonic
facilities at NASA Langley Research Center. These facilities use
dried, compressed air, meaning the typically stronger absorption
features of H2O could not be used, but the mole fraction of O2 in the
flow would always be constant for all tests. Using a visible-
wavelength tunable diode laser at 760 nm results in easier align-
ment, and many of the optics used in conventional FLDI systems
can also be used if their working-wavelength range extends out to
this wavelength. This includes the silicon photodiodes, which have
an increased responsivity at 760 nm in contrast to either 532 nm or
633 nm and which have high bandwidth and do not require cooling
(thermoelectric cooling or cryogenic cooling), unlike many infrared
detectors. However, the quarter-wave or half-wave retarders have
narrow wavelength operating ranges, and different optics were
required for this A-LDI setup to ensure the polarization orientation
and phase adjustment throughout the system. The absorption of O2

in the A-band is weak compared with absorption features of other
species in the near- to mid-infrared, posing a problem for mea-
surements in low-density facilities and short path lengths. A multi-
pass system may be needed to ensure sufficient absorption signal.
While angling the line of sight of the laser provides a simple
measurement of the flow velocity via the Doppler shift of the
absorption features, sufficient optical access is required to be able
to angle the beam (a larger angle results in a larger Doppler shift),
unless mirrors can be placed inside the plenum of an open-jet
facility. While the only published works on this method have used
a nonfocusing LDI system, testing of an A-FLDI system is
ongoing in the laboratory with promising results. Finally, it should

be noted that a single line-of-sight absorption measurement
remains a path-integrated measurement of the flow, and even
including the focusing nature of the FLDI instrument will not
affect the path-integrated nature of the absorption system.

F. Miscellaneous Configurations

Depending on the imaging distances, the size (i.e., the length) of a
conventional FLDI system can become large. The pitch and catch
sides are placed on both sides of a wind tunnel test section, for
example, and are aligned orthogonal to the tunnel axis (freestream
direction) and windows. To avoid excessive lengths of the pitch and
catch sides, mirrors are sometimes used to fold the beam path. For
example, in Fig. 4a of Ref. [44], the laser is mounted above the main
optical axis of the system, with two mirrors folding the beam path
onto the main optical axis. This has the added benefit of providing a
beam-centering adjustment when setting up the system. In Fig. 4b of
Ref. [44], a right-angle prism mirror and two extra mirrors are used
to fold the catch-side beam path for each of the two measurement
points. This allows the phase-adjustment optic (quarter-wave plate),
the linear polarizer, the focusing lens, and the photodiode to be
positioned back along an axis toward the front of the catch board.
The same style of catch-side beam-path folding can be seen in Fig. 3
of Ref. [50]. Another example of a system that folds the catch-side
beam path (this time by 90 deg) can be seen in Refs. [35,88,120].
Similarly, a dichroic mirror is used in the chromatic FLDI system of
Refs. [70,71] to fold one of the beam paths by 90 deg. If space is
even more limited than in the above cases, larger turning mirrors can
be used to fold the beam paths by 90 deg, located between the wind
tunnel windows and the field lens. Pandey et al. folded both sides of
the system in the same direction [123], while Kerth [29] and Dean
et al. [87] folded both sides in different directions.

Fig. 49 a) Schematic of FLDI system projecting through the model sting from Lunte and Schülein [37,39]. b) Power spectral density plot for a single
Reynolds number of streamwise measurement positions. Reproduced from [39] with permission, ©2024, Lunte and Schülein.
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For all the configurations outlined previously, optical access
through two windows on either side of the flowfield of interest is
required. However, if optical access is limited or if a measurement
near the surface of a wide flat model is desired without using a
cylindrical-lens FLDI system, the beam can be projected out
through the model itself, as was demonstrated by Maszkiewicz et al.
[89] and Lunte et al. [37,39]. A schematic of a projection system is
shown in Fig. 49a, which shows the focusing beam traveling up
through the model sting, coming to a focus just outside a transparent
window in the model surface to make measurements in the boun-
dary layer, and then continuing to expand out to the catch side of the
system outside the tunnel. Figure 49b shows resulting power spec-
tral density estimates of the transitional boundary layer at various
streamwise positions at a single Reynolds number, showing an
increase in the broadband frequency spectrum with increasing dis-
tance downstream.

VIII. Conclusions

FLDI has become a powerful diagnostic tool for measuring small-
scale fluctuations in high-speed flows, particularly in hypersonic
and turbulent flow environments. While it has provided the capabil-
ity for high-speed nonintrusive optical measurements, there remain
opportunities for further advancements. Some perspectives on future
development and applications of FLDI are presented in this section.
While FLDI already improves spatial resolution compared to

traditional LDI by focusing the laser beam to a small point within
the flowfield, it would be beneficial to improve resolution along the
optical axis. The current limitation lies in the fact that FLDI still
integrates along the beams to an extent, although with signal ampli-
tude decreasing as the distance from the focus increases. This
limitation is particularly problematic in 3D flowfields, such as shock
layers, boundary-layer interactions, and vortex dynamics, where
spanwise fluctuations may not be resolvable. Increasing the beam
diameters away from the foci improves this aspect, but more
directed research can be conducted to further increase FLDI off-
axis signal suppression.
A particular area of improvement that is still an open problem is

in the realm of calibration techniques and quantifying measurement
uncertainty. Accurate calibration would ensure that FLDI measure-
ments are reproducible and comparable across different experimen-
tal setups, while robust uncertainty quantification gives researchers
confidence in the reliability of the data.
Current calibration methods are generally based on theoretical

models and empirical data, but these can suffer from inaccuracies
due to system noise, optical misalignment, and even the 3D proper-
ties of the flow. In particular, the spatial averaging across the beam
profiles and along the optical axis can have a profound effect on the
final signal amplitude. To address these challenges, several
improvements can be made:
1) Use of Controlled Reference Flows: Developing reference

flows with well-characterized temperature, pressure, and density
profiles would provide a more reliable basis for calibration. These
controlled environments could help verify and recalibrate FLDI
systems, ensuring accurate measurements across various experi-
mental conditions. This work has been started by the various jet
and acoustic emitter tests that have been conducted by FLDI exper-
imentalists to help characterize the technique [75,104].
2) FLDI Simulation with CFD: Integrating FLDI simulations

with computational fluid dynamics (CFD) data can help identify
discrepancies between experimental data and theoretical models.
This comparison can be used to refine calibration procedures and
provide insight into sources of uncertainty, such as beam misalign-
ment or optical aberrations. Several FLDI simulations have already
been run to better understand the diagnostic performance across
various flowfields [48,92,106,140,141], but there is more work
to do.
3) Uncertainty Quantification Frameworks: Establishing a

formal uncertainty quantification framework for FLDI is essential
for understanding the precision of the measurements. By accounting
for sources of error such as signal noise and calibration drift, and

using statistical methods like Monte Carlo simulations, researchers
can better assess the reliability and confidence intervals of FLDI
data. Development of this framework will likely involve the use of
the computational form of FLDI to isolate parametric sensitivities.
With these improvements, FLDI can become a more reliable tool

for high-precision flow measurements, enabling more reproducible
and accurate experimental results.
While FLDI is highly effective at measuring density fluctuations

and has been combined with some other techniques, integrating it
with additional diagnostics could provide a more complete picture
of the flow dynamics. Combining FLDI with other optical methods
can provide simultaneous measurements of additional flow proper-
ties, such as temperature, pressure, velocity, and turbulence inten-
sity, offering a more comprehensive analysis of complex flowfields.
This work has already begun, for example, with Weisberger et al.’s
combination of FLDI with schlieren and spectroscopy [52,54], but
additional applications are possible. For example, combining
FLDI with techniques such as laser-induced fluorescence (LIF) or
Rayleigh scattering would allow for the simultaneous measurement
of both density and temperature fluctuations in the flow. This
integration would provide a more complete thermodynamic and
dynamic characterization of the flow, essential for understanding
the interaction between temperature and density disturbances in
high-speed flows.
There are a few areas of application where FLDI is particularly

well-suited and currently underutilized:
1) Receptivity: This subject was explored in the very early

applications of LDI by Salyer et al. [16,17] but has received little
attention since then. A combination of the setup from Dean et al.
[87] and the methods from Ceruzzi et al. [112] could be used to
investigate the transfer functions of inclined acoustic waves across
shocks—this could improve our understanding of how freestream
disturbances are modulated by a vehicle’s bow shock.
2) Reacting and High-Temperature Flows: As discussed in

Sec. V.D, there are very few applications of FLDI in reacting flows.
The technique could be used as a diagnostic for feedback control in
a scramjet, similar to the use of emission spectroscopy by Elkowitz
et al. [147]. Applications in detonation engine experiments and in
studies of ablation, pyrolysis, and plasma jets are possibilities
as well.
FLDI is a powerful diagnostic tool that has proven invaluable for

measuring high-speed fluctuations in hypersonic flows. However, to
fully realize its potential, further advancements can be made in
several key areas. Enhancing spatial resolution, improving calibration
and uncertainty quantification, and integrating FLDI with comple-
mentary diagnostic techniques will greatly expand its capabilities.
These improvements will enable FLDI to provide more accurate,
reliable, and comprehensive measurements in high-precision aerody-
namic studies, particularly in the challenging environments of hyper-
sonic flows and turbulent boundary layers.
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